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SUMMARY
The work described in this thesis is concerned with the 
behaviour of steel building frames.
Two computer programs have been developed, based on the 
formation of stiffness matrices for the frame under analysis, 
which give ultimate load assessments of uniaxial and biaxial 
frames respectively. The uniaxial analysis estimates the 
reduction in stiffness due to specified regions of plasticity 
forming within the frame. Analysis is then continued until the 
combined effects of plasticity and elastic frame instability 
are sufficient to cause collapse of the frame.
The biaxial analysis extends the uniaxial stiffness matrix 
to allow for the extra minor axis, torsional and warping degrees 
of freedom which can give rise to out-of-plane buckling failures. 
In addition, a more general method of calculating reduced 
flexural and axial stiffnesses due to plasticity is used. The 
method, based on moment-curvature techniques, is also used to 
calculate corresponding torsional, warping, and cross product 
of inertia values. The latter rigidity is then introduced into 
the overall stiffness matrix to account for the shift in shear 
centre resulting from non-symmetric formation of plastic regions. 
Both computer programs are generally found to give good agreement 
with a variety of previously cited theoretical and experimental 
analyses.
A series of experimental tests on pin-ended tapered steel
columns have been performed to investigate the ultimate behaviour 
of these columns as part of a portal frame structure. The 
columns were subject to a combination of axial load and major 
axis bending moments, the latter being incremented to cause 
failure. In general, the columns fail predominantly due to 
elastic instability rather than excessive plasticity. The 
tests also serve as a useful check on the validity of the biaxial 
computer analysis in assessing the ultimata failure loads of the 
columns.
Finally, a simple linear method of proportioning the members 
of steel frames to satisfy deflection requirements in an efficient 
manner is presented. The method, which requires a computer 
program for a solution, is found to give a design which is 
usually as good, and sometimes better, than previous optimisation 
methods based on more rigorous non-linear programming techniques.
(iv)
NOTATION
A general terra for area of cross-section
A rotation transformation matrix
Ae, Aeff reduced areas due to plasticity
Aij elenent area in the moment-curvature procedure
B E (I 2 - I -I ) y z  z z  yy
b breadth of a I-section flange or a rectangular section
C enhancement factor for Wood's design method
c, Cj cosa and cosB respectively
c ’ tension block width for welded sections
c , cnx my equivalent moment factors
Cw warping rigidity
D total depth of a section
d half depth of a rectangular section
dl depth to neutral axis in an I-section or rectangular 
section
d3* d4 depths of plasticity in an I-section or rectangular section
d3i>d,i depths of plasticity at iteration 'i'.
E Young's modulus of elasticity
Es secant modulus
F ratio of axial load to squash load
F l* F2 load factors at the current and previous iterations
Fa> Fbx> F. allowable compressive and major and minor axis by
stresses respectively
Fy yield stress
{F}
fa, fx,
array of force elements
fy axial and major and minor axis bending stresses 
member length (suffix refers to the member number) 
effective member length 
external load vector
number of joints in a frame or major axis bending moment
maximum allowable bending moment in Wood's design 
method
critical moment for beam buckling
fbj.» f^y major and minor axis bending stresses
fo initial imperfection stress about the minor axis
element residual stress in the moment curvature 
procedure
shear modulus
effective shear modulus in a partially yielded section 
reduced value of shear modulus in yielded region 'S' 
distance between flange centroids in an I-section 
general moment of inertia term
column and rafter moments of inertia in a portal frame
reduced moment of inertia due to plasticity
polar moment of inertia
Iyy, Izz moments of inertia about the two principal axes
Iyz cross-product of inertia
St. Venant torsional constant
overall frame stiffness matrix
factor applied to the torsional constant
restraint factors for beams with special end conditions
cost factors for columns and rafters
k ,k ,k^,k^ reduction factor's in Young's design method x y
( v i )
Mmax maximum moment present in Hood's design method
MpX reduced plastic moment in the presence of axial load
Mpx fully plastic moment about the x-axis
MX torque
M , My z moments about the y and x axes
M , M ,yi y2 M , I! minor and major axis moments at ends 1 and 2Z1 Z2
of a member
m ratio of end moments, or reduction factor for single 
curvature bending
N total frame storage requirement
Nx, Ny major and minor axis stress magnification factors
n normal boundary direction
n geometric matrix
P member axial load
F , P . critical loads c crit
PE Euler load
Pf frame failure load
Pu plastic mechanism load
P' axial load at a previous iteration
PLAT plateau length in the steel stress-strain curve
P' axial stress
Q heat input to the weld
0 , 0  , 0  , Q shear forces in the y and z directions at
J 1 /I Z1 z2
ends 1 and 2 of a member
R, r radius of curvature
«X reduction factor in Wood's design method
( v i i )
ry Radius of gyration about the minor axis, y
s, sina and sinS respectively
SH strain hardening modulus in the steel stress-strain
curve
TOL specific convergence tolerance for plasticity depth 
or load factor
t,, t f w flange and web thicknesses
U strain energy
u, v, w displacements in the x, y and z directions respectively
V  V1 co-ordinates of the centroid of a partially yielded X-section
u . v . . 
ij ij major and minor axis element lever arms in the moment- 
curvature procedure
V potential energy of the applied loads
w weight function
x, y, z co-ordinate axes
yo distance of shear centre below the mid-point of an 
I-section web
y distance from the shear centre
z
X
elastic section modulus
Z array of joint displacents
a,6 major and minor axis angles of inclination respectively
a,1» 2 stress functions in non-homogeneous sections
A axial movement', or crane spread in a portal frame
C* Ec axial strain and net compressive strain in a section
e.., o.. ij elemental strain
V  eSH yield and strain-hardening strains respectively
( v i i i )
9» (Ji minor and major axis curvatures in the moment-curvature 
procedure
0, 0 minor and major axis joint rotations
X twist per unit length
*2’*2 l°ai* factors 
4> angle of twist
Livesley's stability functions1 2 3 if 5
Tfp potential energy
a , o  stresses at previous and current iterations (load factors
1 2 Ft and F2)
/ Poisson's ratio
X warping displacement
1Chapter One Introduction and historical review.
Despite the rapid advances in knowledge brought about by 
research work in recent years, most designers of steel frames in 
Great Britain still use traditional elastic methods based on 
simple beam and column theories. Simple beam design uses idealised 
end conditions to enable stresses corresponding to the applied 
loading to be calculated. These values must not exceed certain 
'permissible' stresses which are obtained from elastic considerations.
The column design is based on the classical approach of Euler* 
and Lagrange2 who presented the first mathematical treatments of 
perfect elastic pin-ended columns subject to compressive axial 
loads. They showed that bifurcation of equilibrium occurred at 
certain critical loads. It soon became apparent that if the lowest 
critical load was taken as the failure load, then the column strength 
was overestimated. Young3 recognised that real columns suffer 
from imperfections and consequently presented the first theoretical 
analysis which allowed for initial curvature and eccentricity of 
loading. Perry1* extended Euler's formula for pin-ended columns 
to include an undetermined factor for initial curvature. Later 
experimental tests by Robertson3 enabled a typical value for this 
factor to be found. Although he was aware of the presence of 
residual stresses caused by uneven cooling of the steel section 
during manufacture, he decided to incorporate this effect into 
the initial curvature factor. The method of column design specified 
in the current edition of B.S.449® is based on the work of Robertson.
M B
For no-sway frames, the beams are assumed to be simply 
supported. The eccentricities of beam-column connections 
(assumed to be 100 mm) result in both axial load and bending 
moments being applied to the columns. Sections are then chosen so 
that the maximum stresses in a member do not exceed certain 
permissible values, the criterion for failure being the attainment 
of first yield. Practical connections do, however, have some 
rigidity; hence rotation of the end of a column is partially 
restrained by adjoining beams and 'effective length' factors are 
used to determine the permissible stresses for the columns. The 
method has also been extended for sway frames. The stresses 
due to vertical loading are calculated as before. To determine 
the forces and moments due to lateral loading, the frame is rendered 
statically determinate by assuming points of contraflexure at both 
the mid-heights of columns and the mid-points of beams. At this 
stage of design, the joints are assumed to be rigid. Superposition 
is then used to calculate the total stresses due to the applied 
loading. The overall design method is essentially an 'empirical 
package', the success of which depends on the strict following of 
the procedure to design the whole frame.
Although the concept of design is one of failure at the onset 
of first yield, an assumption which is generally very conservative, 
the 100 mm eccentricity used to calculate the bending moments is 
by no means an upper limit, and only works in practice due to the 
conservative design of the beams.
\
3A more rational design method can only be developed by 
identifying the various factors that cause a frame to collapse.
The ultimate behaviour of steel frames can broadly be described 
in terms of two effects, namely plasticity and elastic instability. 
The former effect is predominant in structures for which deflections 
are negligible. Failure occurs as a result of the material's 
inability to resist further increases in stress beyond a certain 
level. Clearly, a design based on collapse load conditions has 
a great advantage over designs based on permissible stresses. In 
the former a definite margin of safety can be automatically entered 
into the design method, whereas a permissible stress design will 
result in a load factor against collapse being an unknown quantity 
varying from frame to frame.
Simple rigid-plastic theory pioneered by Baker7 et al was 
based on the conditions at collapse. Plastic 'hinges' were assumed 
to form at isolated points for which full yielding had developed 
and further increases in stress due to strain-hardening were not 
allowed. Failure then occurred when sufficient hinges to cause a 
mechanism had formed. In general, this 'rigid plastic' method cannot 
be used in the design of many structures, particularly slender multi­
storey sway frames in which the effects of elastic instability are 
appreciable. In such cases, the actual collapse load may be 
considerably below the value given by rigid-plastic theory.
As the level of loads acting on an elastic frame is increased 
from zero, the overall stiffness reduces due to the compressive 
axial loads. When the frame begins to deflect, the effect of these
compressive axial loads is to give rise to secondary bending 
moments (the P - A effect). The reduction in stiffness, 
however, is not proportional to the increase in loading and the 
relationship between load and deflection is non-linear. As the 
applied loads on a frame approach a certain level (the elastic 
critical load), rapid increases in deflection occur for 
small increases in applied load and the frame can be regarded 
as being on the point of collapse.
True behaviour of a frame will generally involve both the effects. 
Wood8 suggested that the overall stiffness of a frame 'deteriorates' 
to zero due to the combination of plasticity and elastic instability, 
and collapse can therefore occur before a complete mechanism of 
plastic hinges has formed. Hence, when the effects of elastic 
instability are appreciable, the usual methods of rigid-plastic 
analysis are invalidated for determining the failure load.
When designing complete frames, attention must also be given 
to ensure that the individual members do not fail prematurely by 
lateral, lateral-torsional or local buckling. The design of 
columns in order to prevent premature failure in a lateral- 
torsional mode is an important and difficult aspect of the ultimate 
load design of rigidly jointed frames, and an excessively conservative 
approach can throw away the gains obtained by moving away from a 
permissible stress method to one based on conditions at collapse.
A further problem in the design of frames can be caused by 
the presence of excessive deflections. Economies given by a 
plastic design approach can lead to less stiff sections which
5result in a violation of the deflection requirements at working 
load.
Recent work in the areas of column design, the determination 
of deteriorated frame critical loads and the control of deflections 
will now be reviewed.
1.1 Column design, analysis and tests.
The ultimate load capacity of steel columns can be severely
reduced due to the possibility of lateral-torsional buckling.
Horne11 presented the first plastic design method for steel columns
which took account of local column instability; this was based on
his earlier work on portal frames at Cambridge. He introduced a
useful classification scheme for describing the state of the
surrounding beam members when examining a particular column. The
letters P, E and 0 are used to represent respectively a plastic
(unrestraining) beam, an elastic (restraining) beam and zero end
moment (pinned) beam. Thus the designation P P means plasticx y
beams about both the major (x) and minor (y) axes.
Early Cambridge model tests by Roderick9 (Ex Ey classification) 
on both I-sections and rectangular sections demonstrated that first 
yield considerably underestimated the collapse loads in such 
situations. Also, the presence of small minor axis beams did not 
significantly increase the ultimate load. Heyman10 used a similar 
rig for his tests on model I-sections with unloaded minor axis 
restraining beams (Px Ey). He varied the slenderness ratio and 
major and minor axis end moment ratios and generally found that
6torsional instability controlled the ultimate load. The 
results, at the time were quite remarkable since some columns 
buckled at loads above the Euler load in spite of a low degree 
of restraint about the minor axis. The stocky columns (columns 
with low slenderness ratios) reached the squash load with full 
plastic moments maintained at lower loads.
Horne's design methods11»12 cover the two beam classifications 
Px Py and Px Oy, and as the beams do not therefore restrain the 
columns, he assumed that failure occurred when the yield stress 
was reached in an extreme fibre at the mid-height of the column.
The first design case (Px Py) also limits the stress to the yield 
value at each end of the column as moments are applied about both 
axes and the plastic hinge concept is not applicable to such cases.
The design equation at mid-height takes the form
p + Nx fx + Ny fy $ f 1.1
where p is the mean axial stress.
Nx and Ny are magnification factors based on the level of 
axial stress in the column
f is a reduced value of yield stress containing allowances 
for initial curvature.
Horne introduced the useful simplification that for elastic 
torsional buckling, there is an 'equivalent' single curvature 
critical moment. Thus any end moment combination can be reduced 
to a single case, and this simplification is used to calculate 
Nx and Ny values.
7This method, however runs into difficulties when calculating 
the design moments to be carried by the column. When considering 
the worst possible case of single curvature bending, the loads 
carried by the frame are of the form shown in Fig. 1.1. This 
'limited substitute frame', which i3 obtained by idealising the 
actual frame to include only adjacent members surrounding the 
designed member with idealised remote end conditions, is of the 
form recommended by the Joint Committee15 for the analysis of 
internal columns. The beams loaded by the combined dead and live 
load must possess three plastic hinges to be designed using the 
rigid-plastic theory. However, the adjacent beams under dead 
load only must still offer soma restraint to the columns, and 
thus the problem has become one of Ex Ey design rather than 
Px Py design with the out-of-balance moment at the joint being 
used to design the column. As a result, the method has been criticised 
since the reduced stiffness of the column due to its compressive 
axial load should have been used to calculate the column moments.
Horne argues, however, that the stiffness of the column will reduce 
under axial load and thus the resulting redistribution of 
bending moment reduces the amount taken by the column.
As a result of the design criterion (Eqn. 1.1), any end moment 
combination approaching single curvature was not allowed, whatever 
the slenderness ratio. This was severely criticised due to the 
fact that in stocky columns, instability is usually not a problem, 
and even in single curvature bending, some yielding can take place at 
mid-height without detriment. Horne thus modified his later chart3
'U  -V't P." :
which appeared in a British Constructional Steelwork Association 
Publication (B.C.S.A. No. 2313) to allow for end moment combinations 
approaching single curvature in stocky columns by adding a limiting 
slenderness curve to the charts; columns with slenderness values 
below this curve were thus assumed not to be affected by instability.
A further problem arises in the case of Px Oy beams when a 
plastic hinge is permitted at the column end. The method of 
design would be perfectly acceptable if there were an infinite 
number of column sections available. However, difficulties can be 
encountered due to the finite number of sections available. For 
instance, if for a particular section and loading combination, the 
maximum permissible slenderness ratio was just unsuitable, the next 
chart would be used to obtain a satisfactory design, resulting in 
a larger section. Unfortunately, a larger plastic moment is now 
assumed at one end of the column, and the corresponding allowable 
slenderness ratio may still be unsuitable. The process thus becomes 
one of 'chasing ones tail', and it may be necessary to revert to the 
elastic column method, thus resulting in a conservative design.
Attempts were made at about the same time to suggest design
methods for columns with differing beam conditions to those examined
by Horne. Many of the problems associated with column design at
this time were due to attempts to determine the maximum column 
moment in terms of magnification of one of the end moments. This
magnification factor is indeterminate at the Euler load, since for
single curvature bending, the end moments become zero.
In 1957, Wood1** was able to avoid this problem by the use of 
nomograms which enabled this magnification factor to be found for
1
■ #1 • m
all values of axial load. However, designers appeared to be 
unwilling to use these charts, probably due to their complex nature. 
A new simpler method of presentation was thus introduced several 
years later and included in the Joint Committee's15 design 
recommendations. The factor was based on the elastic critical 
load rather than the Euler load. This has the effect of 
automatically bringing the 'effective length' into the solution 
which naturally would prove to be popular with designers accustomed 
to B.S.449. The effective length, L , is then defined as:-
Le/L " 1.2
The critical load, P is itself dependent on the beam to
column stiffnesses and corresponding charts were given in the 
design document (JCR2)15 for the recommended limited substitute 
frame'. Furthermore, it was found that although the end 
moments and the ratio of maximum moment to end moment tend to 
change rapidly as the axial load is increased, their product 
(the maximum moment) is a smooth function for all load values. The 
designer could thus obtain the end moments at zero axial load 
and find a corresponding magnification factor (m) under increasing 
axial load to account for instability effects, without using 
stability functions.
The design criterion was stress based and had the following
form:
where
f + f  +m f  +f. £ Fa x y ic y
f axial stress
1.3
’' j fc  » Säffri 1 #.*
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f , f major and minor axis bending stresses respectively x y
f. initial curvature stressic
F yield stress
y •
The Joint Committee had previously decided that the 
classification of design would offer the most economy. Sway 
was not allowed due to the detrimental effects of overall frame 
instability. Although initial stresses are relatively unimportant 
when considering restrained columns, the term 'f£c' was introduced 
principally as an additional safeguard to prevent design up to the 
squash load in the absence of major and minor axis moments. The 
overall method is one of partial plastic design which allows 
unspecified amounts of plasticity in double curvature, a decision 
which was proved to be correct by tests. Torsional instability 
safeguards were also introduced by limiting both the slenderness 
ratio and depth/flange ratio in order to keep the torsional 
stresses small. Two full scale tests using mild16 and high 
yield17 steel were subsequently undertaken at the Building Research 
Station to test the viability of the Committee's proposals. The 
tests however were rather disappointing since the column design 
proved to be rather conservative. Up to this time, all design 
methods had been based on a limiting stress philosophy. Wood, 
however, in an earlier paper had indicated that the correct 
criterion for collapse was one of 'vanishing stiffness'. Consequently 
two design methods, obviating the use of limiting stresses, were 
later presented based on considerable theoretical and experimental 
evidence.
The first method18 tías applicable for sway braced I-section 
columns with the P E beam classification, which as Horne7X y
had pointed out would generally offer the most economy in design.
The collapse load, Pc , of the column is assumed to be given
by;
P = R C P„ 1.4c x E
where is a reduction factor based on assessment of the
deterioration of the minor axis stiffness due to major 
axis bending moments and axial load.
P„ is the Euler loadh
C is an enhancement factor dependent on beam restraint
and is an exact value read from charts based on the
reduced Euler load, R P„.x E
Gent and Milner19 had previously tested model I-section 
columns with both major and minor axis beam restraints subject to 
single curvature bending and axial load. They demonstrated that 
one of the primary factors controlling the load capacity of the 
column was the elastic critical load of one flange. If this 
critical load is above the squash load, then the squash load 
would be reached. Otherwise failure would occur at the elastic 
critical load.
Wood, therefore used this concept to limit the maximum allowable 
bending moment so as to ensure that only one flange could ever 
become fully plastic.
The allowable moment is then given by:-

"V-'i }>V'. .-5
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loads on column stability in the case of predominant major axis
bending. A series of tests by Stringer20 on slender restrained
columns under doublecurvature bending indicated both significant
torsional behaviour and also significant reduction in ultimate
load with minor axis beam loading. Hutchings21, therefore, tested
a range of columns with differing torsional rigidities and a range
of both minor axis beam stiffness and minor axis beam loads. To
simplify the study, he considered only single curvature bending.
He demonstrated that for low loads (P/P . < 0.5), minor axiscnt
beam loads have little effect on the ultimate load; however for 
higher loads the effect became significant. Hutchings therefore 
concluded that Wood's method is applicable to columns with small 
minor axis beam loading. Generally Wood's method gives a lighter 
overall design than previous stress based methods.
Young22 has also presented an intuitive design method for
isolated columns subject to biaxially applied end moments
(P P classification). He assumes that the detrimental x y
effects of axial load and major and minor axis moments, giving 
rise to possible lateral or lateral torsional buckling, may be 
independently assessed to obtain i, 'ltiplying factors (< 1) which 
are then combined to obtain a reduced allowable major axis moment 
below the full plastic value.
The major axis moment capacity of the column (M^) is then 
given by:
M = K K. K K,, M x x t y h px 1.7
i
• ii I *
where K is a buckling parameter if major axis moment and 
axial load are considered only 
Ky is a buckling parameter for minor axis moments and 
axial load only
K^, is a lateral torsional buckling parameter based on
major axis moment capacity due to the presence of
axial load and minor axis moments.
The buckling parameters (K , K and IL.) are based on severalx y r
analytical studies performed by Young. Previous investigations
to obtain the reduction in carrying capacity of a column under
. . . .  2 3 > 2>t (equivalent to K ) have necessitateduniaxial bending x
separate charts for different ratios of end moments. Young,
however, by incorporating the slenderness ratio and axial load into
one parameter was able to present the reduction values on a single
chart. He also suggested the use of a "stocky" column concept
for columns with low slenderness ratios. These columns are designed
so that a full plastic hinge occurs at one end without the need
to consider instability effects (the K values are unity).
The method is essentially an extension of Horne's12 P 0 methodx y
to allow biaxial plasticity to occur at the ends of the column.
These two methods of Wood and Young are probably the most 
advanced methods available for the design of columns in steel 
frames. Any design method, however, is dependent on a considerable 
amount of previously obtained analytical and experimental results.
A summary of recent British work in these fields will now be given.
Much of the recent analytical work on steel columns in Britain
15
has aimed at extending the previously obtained elastic theories 
to include plasticity effects. Milner25 was the first researcher 
to examine the effect of beam restraint on biaxially loaded columns. 
He segmented the column into small elements and iteratively obtained 
a deflected shape assuming end moments alone were acting. Further 
equilibrium shapes were then obtained under increasing axial 
loads. The deflected shape was assumed to be unaffected by the 
calculated twist deformations. However a separate torsional analysis 
was used to determine new values of twist and corresponding forces 
which were then included in a subsequent incremental analysis.
Milner used this method to independently assess the effect 
of strain hardening, strain reversal and torsion on the ultimate 
load. He concluded that unloading was relatively unimportant 
except possibly when columns were acted on by heavy moments from 
stiff restraint beams.
Taylor25 has analysed and tested continuous steel columns 
under biaxial bending. His theoretical analysis examined two 
independent perpendicular two-dimensional frames about the major 
and minor axes. Twist was not included in the analysis since 
he assumed that torsional deformations were small in continuous 
columns. Hence, the only link between major and minor axis 
moments was through the biaxial stiffness properties and the sharing 
of the axial load. The column was segmented into a number of 
'elements' and a stiffness matrix set up using stability functions. 
'Recursive relationships' connecting stiffness properties in 
adjoining segments of the column were used to avoid excessively
16
large stiffness matrices. The analysis, however, neglected 
residual stresses and initial imperfections.
Taylor tested to failure model 2 bay, 3 storey frames in which 
he varied the minor axis restraint and distribution of beam loads 
whilst keeping the stiffness ratio of beam to column in the major 
axis constant. He could thus investigate the effect of minor 
axis restraint and minor axis beam load on the failure mode, which 
usually involved lateral-torsional buckling of the columns. He 
concluded that the minor axis restraint beams would significantly 
increase the ultimate load, whilst large minor axis beam loads 
would cause large reductions in the collapse load.
Hutchings21 has used a discrete element model in his analysis 
of restrained columns. His principal assumption is that discrete 
elements of infinite flexural and torsional stiffness connected 
by flexural-torsional springs at nodal points can be used to 
describe the behaviour of a continuous member. Each element 
deforms axially whilst the flexural and torsional deformations 
are assumed to be concentrated at these nodes. His analysis 
essentially extends Taylor's method to include torsional effects. 
Values for end slopes, shear, torque and warping displacement are 
initially guessed corresponding to the applied loading and are 
later improved upon using a second order correction process. In 
order to reduce the number of variables, warping is assumed to be 
either fully restrained or unrestrained at the end of the member. 
The method however did not appear to show particularly good 
agreement with his corresponding experimental studies.
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1.2 Overseas steel column investigations.
North American specifications for the design of steel 
building frames provide for column design through the use of 
interaction equations. In this procedure, the axial force and 
bending moment on the member are matched against its axial strength 
and flexural capacity. Approximate equations have been developed 
to ensure that the member possesses both adequate strength and 
has a sufficient factor of safety against failure through elastic 
instability. In using these equations, a distinction is made 
between sway and no-sway modes by using the concept of effective 
length; for braced members, the effective length is always less 
than the actual length, whilst in unbraced frames the effective 
length is greater than the actual length.
The basic Euler curve using the tangent modulus concept was 
modified by the Column Research Council27 (CRC) in formulating 
their inelastic column strength curve for members under axial load 
only. This modification involved assuming an arbitary residual 
stress pattern to give a smooth transition from the Euler curve 
for elastic buckling to the curve representing inelastic buckling. 
The curve gave critical values of axial stress for various effective 
slenderness ratios.
The American Institute of Steel Construction (A.I.S.C.) design 
proposals28 use this critical value in their method for members 
under combined bending and axial load. The early interaction 
form took the following form:
■ ■ ■ ■ M R
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where
is the allowable compressive axial stress
f^, f are flexural bending stresses
Fbx’ Fby are a^^owa'3 e^ bending stresses based on
consideration of lateral and lateral-torsional
buckling in the absence of axial load.
C , C are equivalent uniform moment factors, mx my
In 1961, this formula was modified by introducing 
magnification factors into the two bending terms to allow for the 
secondary bending effects due to axial load. However, at this 
time, no theoretical analysis of combined bending and axial load 
had been performed, and the formula was thus based on separate 
investigations of uniaxial buckling effects. The above interaction 
equation is essentially a stability check on the member under 
design. Separate strength checks were also used, again in the 
form of interaction formulae to prevent the squash load or the 
fully plastic moment being reached.
Recent American analytical work on elastic-plastic columns
has focused attention on the isolated pin-ended column subject to
eccentric axial load about both axes (P P ). Researchers havex y
realised that exact numerical solutions of the governing differential 
equations are generally not possible and consequently analyses 
have used specific approximations to obtain a solution. Birnstiel
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and Michalos29 presented the first analysis of the problem using 
numerical integration. Initial values of curvatures were assumed 
at the ends of the column and corresponding values of "internal" forces 
were obtained at various points along the column length. The 
"external" and "internal" forces would not, in general, agree 
due to incorrect initial assumptions, and a numerical correction 
procedure was u3ed to improve these initial guesses. This analysis 
was continued until satisfactory convergence was obtained, and 
thus by successive increases in load, a load-deflection curve 
could be obtained. However, the process required a large number 
of successive manual trials and corrections and hence considerable 
effort to obtain a solution. The method was however fully 
computerised a few years later30. At the same time, a series of 
tests31 on rolled and welded sections was performed to obtain the 
post buckling deflected shape as well as the ultimate load for 
biaxially loaded columns. Some of the sections tested were 
previously stress relieved so as to minimise the effects of 
residual stresses and thus give better correlation with theory.
The ends of the column were restrained against twisting and 
warping, and the maximum twist at the ultimate load was found to 
be small. It was concluded that bending about the minor axis 
governed the ultimate load capacity. Generally agreement between 
theory and experiment was found to be good.
Sharma and Gaylord32 later presented a simpler method of 
analysis for the biaxially loaded pin ended column. They assumed 
the deflected shape to be part of a sine wave and established
EJ
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equilibrium conditions at only one point (midheight) . They 
found that warping stresses were small, and thus examined the 
effect of neglecting twist. This resulted in an overestimate of 
the ultimate load of between 1 - 8 %  compared to the analysis 
including twist. Syal and Sharma33 have generalised the problem 
to include columns with unequal end eccentricities, and assume a 
power series approximation for the deflected shape. Equilibrium 
was again established at only one point. However due to unequal 
end eccentricities, the section examined was the one at which first 
yield occurred. The shift of the shear centre with increasing 
plasticity was however ignored. Good agreement with Birnstiel's 
testswas obtained.
Santathadaporn and Chen31* performed an incremental method 
of analysis by setting up a tangent stiffness matrix connecting 
the rate of change of forces to the rate of change of displacements 
at mid-height. Load-deflection curves were generated by incrementing 
curvatures and consequently post buckling effects could be examined. 
The analysis dealt with both proportional and non-proportional 
loading and was used to examine the effect of beam restraint on 
column strength.
Chen and Atsuta35 used an approximate elastic analysis to 
identify the section at which first yield occurred. They introduced 
"averaged interaction relationships" (between yield and full 
plasticity) which made allowances for the reduction in column 
stiffness. The ultimate load of the column could then be obtained 
from Chen's interaction curves, which gave a failure surface for
• i W  . a
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various combinations of axial load and bending moments.
A recent method of analysis by Vinnekota3° determined the 
load deflection behaviour of biaxially loaded columns with 
symmetrical or unsymmetrical end restraints. The governing 
differential equations of bending were solved iteratively using 
finite difference approximations. The stiffness properties were 
based on the remaining elastic core, whilst the effects of plasticity 
ware introduced as "pseudo" lateral loads in the governing differential 
equations.
1.3 Overall frame instability
The review so far has been principally concerned with the 
analysis and design of individual columns. To design such members 
it is necessary to determine the distributions of bending moments 
and axial forces in the frame. For sway structures these distributions 
are affected by the instability effects in the frame. These effects 
must also be considered to determine the failure load of the frame 
as a whole. These aims can most easily be achieved by using a 
computer program which performs an 'elastic-plastic' stability 
analysis to determine the actual behaviour of the frame up to 
collapse. The method, essentially, is to obtain a stiffness matrix 
for the whole frame by use of the well known slope-deflection 
equations. Frame instability effects and allowance for plasticity 
are introduced in subsequent analyses under increasing loads.
An elastic-plastic analysis program for frames has been 
presented by Jennings and Majid37. A complete stiffness matrix
••tv *< ■ ■ m ■ V1
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for the frame was formed, and as loading progressed, extra rows 
and columns were introduced into the matrix to allow for the formation 
of plastic hinges. An analysis was performed at working load, and 
the load factor at which first yield occurred was estimated, and 
subsequently converged onto by the use of stability functions.
These stability functions reflect the reduction in stiffness of a 
member under compressive axial loads. A plastic hinge is then 
inserted into the frame, at the point at which yield has occurred, 
by placing an additional row and column in the overall stiffness 
matrix to correspond to the hinge rotation. A linear extrapolation 
procedure is then used to calculate the load factor at which the 
next hinge will form, based on the current information. This stage 
was a refinement of Livesley's33 earlier method in which the load 
factor was incremented by a predetermined amount. At load levels 
approaching failure, two or more hinges may form between load 
increments and inclusion of these at the same time may alter the 
mode of collapse.
The process of inserting hinges one by one into the stiffness 
matrix is continued until collapse occurs (indicated by the 
determinant of the overall stiffness matrix becoming zero) .
The method, however, ignores strain-hardening, residual stresses 
and the reduction of the 'full plastic moment' due to axial load.
Also as a result of using the full stiffness matrix, restrictions 
on computer storage space limit the method to only fairly small 
frames.
Majid and Anderson33 utilised the symmetric properties of
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the stiffness matrix to reduce storage space requirements. The 
matrix used had an irregular banded form, dependent on the frame 
geometry, and required only the storage of stiffness terms 
between the joint ia consideration and the lowest numbered joint 
connected to it for each row in the overall matrix. The method also 
allowed for the reduction of the full plastic moment due to axial 
load. As a result of the great storage savings in the stiffness 
matrix, large frames could be analysed.
Other methods1*0'1*1 for the analysis of frames have included 
strain-hardening effects. Davies1*0 has shown that the presence 
of strain-hardening can result in a theoretical increase of 30% 
in the failure load, a fact confirmed by experiment. Chin1*1 considers 
the effects of overall frame instability, including instability due 
to partially plastic regions, as well as strain-hardening. However, 
this analysis neglects the reduction in the moment capacity of a 
section due to axial load and this renders it unsuitable for 
frames under significant axial loads. It also requires considerable 
computer time in comparison to other methods30'1*0.
Merchant has proposed an intuitive formula to calculate the 
failure load of a frame in which both elastic instability and 
plasticity effects are present.
The formula has the following form:
cnt
1
Pu
(1.9)
where Pf is the frame failure load
Pcrit is the elastic critical load
Pu is the plastic mechanism collapse load
A similar formula has been recommended by research workers at
Although the correct plastic collapse mechanism can usually be 
found quite easily, the elastic critical load is usually more 
difficult to obtain, and thus limited the use of these simple
method using stiffness distribution techniques to enable designers 
to calculate the elastic critical load of sway frames by using a 
modified limited substitute frame (called a Grinter frame). A 
suitable estimation of the collapse load could then be found 
by substitution of this value into Merchant's formula.
1.4 Deflection control in frames.
Practical methods for the design of building frames should 
ensure that the resulting structure has both adequate strength 
and stiffness. Despite this, a considerable amount of attention 
has been paid to unbraced rigidly-jointed steel frames subject only 
to strength requirements. Livesley1*1* and Palmer1*5 both go to 
considerable trouble to obtain a minimum weight rigid-plastic 
design by mathematical programming techniques. Majid and 
Anderson1*5 and Holmes and Sinclair-Jones1*7 have produced economical
Lehigh University1*2 for the design of frames up to three stores
high.
( 1 . 10)
equations. Wood1*3, however, has recently introduced a desk
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elastic-plastic frame designs without having to resort to complex
hand design. Whilst the above methods produced light structures, 
there was no guarantee that deflection limitations would be 
satisfied. For this reason, several recently proposed methods 
have enabled deflection constraints to be included in the design 
procedure. The various members of the frame are apportioned so 
as to satisfy the deflection constraints in the most efficient 
manner.
Majid and Elliott48 give two methods for limiting deflections 
in frames using true non-linear programming techniques. The first 
method was limited to portal frames whilst their second, more 
general method, was effectively limited due to the excessive 
computer time and storage space it required. Horne and Morris49 
again use true non-linear programming techniques to limit deflections 
in rectangular frames. They assume points of contraflexure at 
various points in the frame to render the frame statically 
determinate, and then solve the optimisation procedure using 
piecewise linearisation and the simplex method.
Majid and Anderson51’52 use the matrix flexibility method 
coupled with piecewise linearisation to optimise the deflection 
constraint. Although these methods are not restricted to any 
particular shaped frame, the analysis is limited to fairly small 
frames due to the excessive amount of computer time and storage
mathematical programming techniques. Majid and Anderson used
repeated elastic-plastic analyses to obtain a solution, whilst
Holmes and Sinclair-Jones used sub-frame analyses suitable for
A
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space required for a solution.
Most of these above methods1*8’1*9’51 neglect the increase 
in deflections resulting from the reduction in frame stiffness due 
to compressive axial loads. Their use is thus limited to frames 
for which this effect is small. Moy53, however, makes allowance 
for this effect in producing a feasible design for regular 
rectangular frames under deflection constraints. Deflections are 
calculated by assuming non-linear elastic behaviour together 
with points of contraflexure in the frame. The control of 
deflections in the frame is achieved by examining the effect 
of increasing the beam sections only and assessing their 
corresponding influence on the deflections.
1.5 Tapered sections.
The use of tapered sections in steel buildings can often 
result in weight savings for many structural and loading situations. 
Particular regions of high stress within a member require a larger 
section than adjacent regions of lower stress, and thus economies 
can be achieved by varying the section within a member.
A recent elastic design method51* for members which have 
web-depth taper only has been proposed, based on the modification 
of the A.I.S.C. interaction formulae. For prismatic members with 
relatively small axial load, this equation has the form:
( 1 . 11)
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where and are the allowable axial and bending stresses
obtained from lateral and torsional buckling considerations 
suffices 0 and L refer to the smaller and larger end of a 
column respectively in the case of a tapering member.
This formula is extended to tapering members by introducing 
modifying length factors into the values of Fa and F^, which 
are dependent on the angle of taper of the section. Thus in 
analysing the effects of axial and bending stresses, the member is 
assumed to be prismatic and modifying length factors based on the 
section properties at the top and bottom of the member are 
introduced into the solution. These factors are obtained by 
solving the basic differential equations of flexure and torsion 
using variable stiffness properties. The corresponding buckling 
loads are obtained, and compared with the known results for 
prismatic members. Curve fitting techniques are then used to give 
analytical expressions for the modifying length factors in 
terms of the tapering angle.
Two series of tests have been reported at Columbia University55 
and New York University56 which investigated respectively the 
elastic and inelastic stability of tapering I-beams. The New York 
research team simulated cantilevered gable roof beams of different 
pitches loaded vertically at the free end. This produced a member 
under high bending stress and low axial stress. The results for 
all the beams showed a similar trend with overall failure occurring 
due to local buckling. Prior to this, however, lateral buckling 
had usually commenced giving a rapid increase in lateral deflections
at mid-span. Comparison of the design method with these results 
showed it to be very conservative. There were two main reasons for 
this. Firstly, only partial buckling resistance was assumed (the 
larger stress value of St. Venant torsion or warping resistance) 
in deriving the allowable bending stress, F^. Secondly, simply 
supported end conditions were assumed, and hence no allowance 
for partial end restraint was made. A finite element analysis 
method was subsequently developed57 to enable less conservative 
allowable stress values to be used.
1.6 Scope for the present work.
A. Elastic-plastic analysis for biaxially loaded columns.
Host previous work on biaxially loaded steel columns has 
been concerned with investigating the ultimate load behaviour 
of either pin-ended columns or columns with idealised end 
restraints. Several methods of complete elastic-plastic frame 
analysis are also available, but these analyses can generally deal 
only with loading in one plane (a combination of axial load and 
major axis bending moment).
The aim of the present work is to extend the previous ideas 
used in these uniaxial frame analyses to the biaxial loading case. 
This involves linking the separate behaviour of a member in both 
the major and minor axis planes through the torsion equation, and 
estimating the reduction in stiffness due to biaxial plasticity. 
Chapters 3 and 4 of this thesis develop general analyses for the 
elastic and plastic behaviour of biaxial frames of limited size.
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B. Tapered column tests.
The necessity for economy in design has resulted in the adoption 
of tapered sections in many structural situations. Very little 
experimental data, however, is available on the ultimate behaviour 
of such sections. In America, two series of tests have been 
performed on tapered beams, whilst no work has so far been reported 
on tapered columns. In Chapter 5, therefore, a series of 
ultimate load tests on a series of pin-ended tapered columns 
subject to major axis bending moment and axial load are described.
C. Optimisation of deflection constraints in frames.
Economical designs of frames for strength will generally be 
achieved using ultimate load theories. However, in many situations, 
deflection limitations under the applied loading will be violated, 
thus invalidating the original design. Subsequent modification 
of the design by arbitarily increasing the section sizes to satisfy 
these deflection requirements may result in an uneconomical design.
In recent years, several methods of design have been suggested 
which will satisfy the deflection controls in an efficient manner. 
True optimisation requires complex non-linear programming techniques; 
however, these methods are found to require large amounts of 
computer time and storage space.
The aim of the present work is to present a rapid method of 
design to satisfy deflection limitations. The non-linear programming 
method of optimisation is reduced to a linear programming technique 
by separately investigating the effect of small increases in each
■ r
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section size in limiting deflections in the frame. This method 
is set out in Chapter 6 of this thesis.
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Chapter 2. Uniaxial Elastic-Plastic Frame Analysis
2.1 Introduction.
The development of an elastic-plastic computer program to 
analyse plane frames subject to uniaxial major axis bending moment 
and axial load will now be described. The method is essentially an 
extension of Majid and Anderson's39 earlier analysis in which a 
matrix for the entire structure is initially formulated. As 
loading increases, the stiffness matrix is modified by the addition 
of suitable rows and columns to allow for the presence of plastic 
hinges in the structure. This analysis thus assumes that there is 
a sudden change from a fully elastic to a fully plastic state at 
various points in a structure. Collapse occurs when sufficient 
hinges to cause a mechanism have formed.
The method to be described herein uses the same basic elastic 
stiffness matrix as Majid and Anderson; however the development of 
plasticity is allowed for in a more progressive manner. Reduced 
values of axial and flexural stiffnesses are calculated 
corresponding to specific regions of plasticity forming in a 
member. Consequently extra rows and columns in the stiffness 
matrix representing plastic hinge rotations are not required. The 
analysis proceeds by estimating load levels for which these specified 
amounts of plasticity will form and the stiffness matrix is 
suitably modified. The method, as before, is iterative and 
continues until the 'deterioration of stiffness' due to the 
combination of plasticity and elastic instability effects render the 
determinant of the stiffness matrix non-positive. Collapse is then 
assumed to have occurred.
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2.2 Assembly of the overall stiffness matrix.
The frame is initially segmented into small members connected 
together by suitably numbered joints. The unknown joint displacements 
of a structure, Z, can be determined by an inverse matrix transformation 
of the form g _ 2.1
where L is the externally applied load vector
K is the overall stiffness matrix of the structure.
Fig. 2.1 gives the stiffness matrix, K, for an individual member
with respect to an overall system of co-ordinates, where
a = (EA cos2a + 12 EI4? sin2a/L2)/L; 
b - (EA - 12EI$5/L2) • sina cosa/L;
c = 6 EIO cosa/L2;
2
2 •  2d =* 6 EIO sina/L2;
2
e = (EAsin2a + 12 EI$5cos2a/L2) /L;
f = 4 EIi>,/b;3
g = 2 EIO /L;<*
and a, E, A, I, L are respectively the angle of inclination,
Young's modulus, area, second moment of area and length of the member.
The $ values are the usual Livesley stability functions®®, 
and account for the reduction in the member's stiffness due to 
compressive axial loads. The contribution of other members to 
obtain the overall stiffness matrix is of a similar form to the above.
The stiffness matrix is assembled joint by joint by considering 
the contributions of each member connected to that joint. If more 
than one member meet at a particular joint, the stiffness values 
are combined. However non-zero stiffness will only occur in the 
matrix for a particular member at locations corresponding to the 
joints that are connected by that member. Thus by reference to Fig.
2.2 (where the ringed numbers represent frame members and the unringed
■ <• t 7
numbers represent joints) the formation of the stiffness contributions 
at Joint 5 will be described. There are three members (3, 5 and 8) 
and three joints (3, 6 and 7) connected to Joint 5. Hence submatrices 
K,.,, Krc and K are th® stiffness contributions of members 3, 8 and 
5 respectively. Similarly, the leading diagonal submatrix contains 
the summation of three sets of stiffness values for these three 
members. However, there is no member connecting Joint 4 to Joint 5. 
Consequently submatrix K (shown unshaded) is a null matrix.
Thus the overall stiffness matrix of a frame contains many 
zero elements, the positioning of which will depend on the joint 
connection list. Also, the overall stiffness matrix will be 
symmetrical about its leading diagonal. This follows directly from 
Maxwell’s reciprocal theorem.
An efficient storage scheme for the stiffness matrix must 
eliminate as many zeros as possible, as well as being capable of 
dealing with a wide range of frame geometries. The method used 
by Majid and Anderson was based on the compact elimination technique 
of Jennings59. The symmetric nature of the matrix was utilised 
by storing only elements on, and to one side of, the leading 
diagonal. The method used an irregular band width, with the 
zero elements beyond the end of the band being neither stored nor 
operated on.
The storage required by the overall stiffness matrix is then 
obtained as follows: if i is the lowest numbered joint that is 
connected to a given joint j (j > i) then 9 • (j - i) locations are 
required by the submatrices (K is from i to j - 1). Since only 
elements to one side of the leading diagonal are stored, a further
6 locations are needed for the submatrix K...
JJ
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The total storage required by the matrix is then 
mN = 6M + Z 9(j - i) 2.3
where M is the number of joints.
A further 3"M locations are also needed to store the 
address locations of the leading diagonal terms. If a restraint 
occurs at a particular joint due to direction or rotation fixity, 
then the corresponding row (and column) is removed from the 
overall-matrix and the above storage requirement is reduced.
2.3 Non-linear elastic analysis
The input data specifies the frame geometry, loading and 
section and material properties. Allowance is made for the 
possibility of part of this loading remaining fixed as loading 
increases by specifying the applied load in two parts; the first 
part varies linearly as the load factor is increased whilst the 
second part remains constant. The overall stiffness matrix is then 
assembled joint by joint by introducing the corresponding stiffness 
values of the various members after specification of the position 
and direction of any joint restraints. By reference to Fig. 2.2, 
Joints 1 and 2 will be omitted from the matrix as these positions 
are fully fixed. If, however, these joints had been pinned, then 
an extra row and column would have been required for each position 
corresponding to the joint rotation. The joint numbering scheme 
adopted for this example ensures that only three null submatrices 
(at Joints 5, 7 and 9) appear in the overall matrix, thus reducing 
the storage requirements as well as the computer time required to
solve the stiffness equations. Once the stiffness matrix is 
constructed at a given load level, Eqn. 2.1 is performed using 
the compact elimination process and the resulting deflections 
are calculated. The member forces are then evaluated by back 
substitution. For the first analysis, Livesley's functions 
are set to unity. This analysis is thus a linear elastic one 
with no modification of the stiffnesses of the frame due to 
compressive axial loads. The calculated axial loads are then 
used for an improved solution of the stiffness matrix, by 
calculating new ,4>' values. Iteration continues until for 
each member |P/P’ - l| is less than a stipulated tolerance, 
where P is the axial load in a member for the current analysis 
and P' is the axial load in a member from the previous analysis. 
Convergence at this load level is now assumed to have occurred.
2.4 Plasticity effects due to axial load and major axis bending
moment.
Once the yield stress is reached in a particular member in 
either tension or compression, the effective stiffness of the 
member will be reduced due to the subsequent development of plasticity. 
The two states of plasticity for a rectangular section are shown 
in Fig. 2.3. The first state called 'primary plasticity' occurs 
due to the combination of axial stress with bending stress 
resulting in the yield stress being reached on one side of the 
cross-section only. The second state called "secondary plasticity" 
occurs if the bending stress predominates, and causes yielding on 
both sides of the cross-section.
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The derivation of the reduced stiffness values for a 
rectangular and I-section will now be given. These values will 
then be used in the previously described non-linear stiffness 
matrix to obtain an overall elastic-plastic frame analysis.
2.4.1 Primary plasticity for a rectangular section.
Assuming that the combination of axial load, P, and bending
moment M is sufficient to cause the yield stress to be reached 
in the top fibres of the section, the resultant static forces
and moments are calculated about the centre line of the section.
For Zone 1, (Fig. 2.3), the force and bending moment are 
given by:-
Similarly for Zones 2 and 3, the forces and moments can be
addition of the components of P and M from Eqns. 2.4 will 
enable internal and external forces to be equated.
Pi " Fy b d3 2.4a
= Fy b d^ (d - «W2) 2.4b
obtained by substituting for the stress, a , in terms of d, d^, d^ 
and F
y
Hence:-
P2 = Fy b(dx - d3)/2
M2 = Fy b(dx - d 3)(3d - dx - 2 d3)/6 2.4d
2.4c
2.4e
M3 = Fyb-(2d - dx)2 (d + dx)/ (6.(dx - d3)2.4f
f " -
C.1

2 .4 .2  Secondary p l a s t i c i t y  f o r  a rectangular s e c t i o n .
Similar effective inertias and areas can be obtained for the 
secondary plastic stress state of Fig. 2.3(b).
By summation of the various stress blocks, the effective 
area and inertia can be shown to be:-
A ,, = b(2d - d - d ) 2.13aett 3 if
Ieff = b-(2d-d3-dlt)-(2d2+d-(d3+dl>) + d3.dlf-d32-dl(2)/6 2.13b
Chen60 has presented some approximate analytical formulae for the 
moment curvature properties of rectangular sections. The above 
values for both the primary and secondary plasticity cases are in 
good agreement with Chen's values.
2.4.3 Reduced stiffness values for steel I-sections.
The same basic method can be used to calculate effective 
section properties for I-section shapes. The section is idealised 
into three rectangles, and equilibrium of axial force and bending 
moment enable the reduced stiffness values to be obtained. There 
are, however, several more cases to consider for each plasticity 
state (primary and secondary) corresponding to the plasticity either 
occurring in one, or both, flanges only or developing into the 
web also (see Fig. 2.4).
The reduced axial and flexural stiffnesses are summarised in 
Table 2.1.
2.5 Overall elastic-plastic method of analysis
Fundamentally, an elastic-plastic analysis consists of tracing 
the non-linear load-deflection history of a frame up to collapse.
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Initially a linear elastic analysis is performed by setting all the 
’0* functions of Eqn. 2.2 to unity. At this stage, it is assumed 
that the applied loads are such that instability effects are small 
and thus a separate analysis with modified values is not needed.
If the bending moments at the joints connecting member j are BM1 
and BM2, with BM1 acting at the first end of the member and BM2 
acting at the second end, according to the frame geometry then 
the average bending moment in member j, BMj, is given by:-
BMj = (BM2 - BMl)/2 2.14
This value is assumed to create tension on the upper side of the member
when positive (the upper side is on the left hand side of the member
when viewing from the first end to the other end of the member).
The average bending moment is assumed to act uniformly over member
j when assessing its reduction in stiffness due to plasticity.
Each member is now considered in turn and a linear extrapolation
procedure is used to estimate the load factor at which first
yield occurs. Two values will be obtained for each member corresponding 
to the combination of axial load and bending moment at the two
extreme fibres.
With reference to Fig. 2.5, the estimated load factor for first
yield, X , can be assessed by setting a and FI to zero, and1
F2 to unity.
The load factor for first yield is given by 
X = F /a 2.15

142
- 12*M»F *b/(P - 2-F *b *d) - 4d3-F -b
y y y
2.16e
It can be readily seen that these coefficients (A, B, C and D) 
contain only the section properties, yield stress, axial load ami 
bending moment in a member. Thus by solving the above equation 
to obtain the smallest positive root gives the depth of 
plasticity corresponding to any combination of axial load and 
bending moment.
Similarly, a polynomial equation can be obtained for the 
secondary plastic rectangular section by combining Eqns. 2.13a 
and 2.13b
d ii 2 * di*<p/ <Fy’b) “ 2d) + 3M/(F *b) - 2d2 - P*d/(F *b)
+ (p/(Fy-b))2 = 0 2.17a
This quadratic equation is solved to find the lowest positive 
value of d . The corresponding depth of plasticity at the other 
side of the member, d3> is given by
d3 - d^ + P/(Fy -b) 2.17b
The load factor corresponding to a specific depth of plasticity 
developing in a member is now estimated using a linear extrapolation 
procedure. Successive applications of this process enable improved 
values to be obtained.
By reference to Fig. 2.5, the estimated load factor for which 
a certain depth of plasticity, X, is reached in primary plasticity 
is given by:-
(F2 - FI), x ♦ Fl.d32 - F2.d31 2.18a
d 32 “  d 31
TV-»-'"
r
T-.C-
where F2 and FI are the load factors at the current and previous 
iterations d32 and d3j are the corresponding plasticity depths
obtained for instance from Eqn. 2.16.
Similarly, if the member is in the secondary plastic state, 
another load factor corresponding to a certain depth of plasticity, 
Y, developing at the other extreme fibre is given by
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X = (F2 - FI) *Y + Fl*d, - F2-d, , 
p **2 41 2.18b
d - d
42 41
where d ^ , d^2 are the depths of plasticity at the other extreme 
fibre for the current and previous load factors respectively.
Also, if plasticity has not commenced in a member, the estimated 
load factor for which the member will yield is given by:-
, (F2 - FI) *F + Fl*a - F2*a 2.18c
XE * ---------- 1------- l -------I
°2 ~ °1
where and are the stresses at the current and previous
iterations respectively.
The expressions of Eqns. 2.16, 2.17 and 2.18 give actual depths 
of plasticity corresponding to certain applied loadings and also 
estimates of load factors for which predetermined depths of 
plasticity will form. These equations are now used to modify the 
overall stiffness matrix to allow for this growth in plasticity. 
Initially, a small percentage of the overall depth, TOL, is 
specified as an input parameter. Each time a particular member 
reaches an integer multiple of this value, its stiffness is 
suitably reduced. Heace, the modification of stiffnesses is 
done in a step-wise rather than in continuous fashion. This
7* »
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feature of the analysis will now be described in detail.
2.6 Modification of stiffnesses.
Two values of X are calculated for each member corresponding 
to each extreme fibre using Eqns. 2.18. The lowest load factor is 
thus found for which a stiffness analysis is performed. Once the 
tolerance on axial load is not exceeded, a check on the plasticity 
depths of each member is made using Eqns. 2.16 and 2.17. If 
plasticity has already occurred in the member for which Che lowest 
load factor was obtained, its stiffness is modified as follows; 
assuming this member's stiffness has not previously been altered, 
the depth of plasticity used for modifying I and A is given by:-
1*5 • TOL 2.19
where TOL is the specified depth of plasticity converged onto. 
This value is then substituted into the reduced stiffness equations 
(e.g. Eqns. 2.12a and 2.12b). However stiffness values are only 
altered for one particular member at any one convergence (the 
member for which the specified depth of plasticity has been 
reached). Consequently members with depths of plasticity between 
zero and 'TOL' will retain their full stiffnesses. The subsequent 
convergence values of plasticity are 2 x TOL, 3 x TOL etc. It 
is therefore thought to be a better approximation to initially 
overestimate the reduction in stiffnesses once the depth, 'TOL' 
has been reached. Hence the corresponding depth of plasticity 
to be substituted into the reduced stiffness expressions at the 
next convergence (2 x TOL) is given by
2-5 • TOL 2.20
‘- r t
K-*'. *
. i*'..».
The process is thu3 one of estimating load factors corresponding 
to specific regions of plasticity and modifying the stiffness 
values accordingly. Analysis continues until the determinant of 
the stiffness matrix becomes negative due to the combined effects 
of plasticity and frame instability. Collapse is then assumed to 
have occurred.
If unloading occurs in a member, then its extent of plasticity 
reduces, and thus the effective stiffness will begin to increase.
The analysis allows for this by enabling the member to retrace 
its original stress-strain curve and thus recover some of its 
original stiffness (see Fig. 2.6).
A flow diagram for the computer analysis is given in Fig. 2.7.
The accuracy of the analysis depends largely on the length of the 
members specified initially as input data. Clearly, the assumption 
of Eqn. 2.14 becomes more exact the smaller the member length.
It is necessary, therefore, to ensure that expected areas of high 
stress contain the majority of the members of the frame.
2.7 Examples using the analysis.
1 . Rectangular Section.
Baker et al7 give details of several experimental tests 
performed on model rectangular section columns with end beam restraint. 
The example used here is of a column initially bent into single 
curvature by end restraining beams and subsequently loaded to 
collapse by increasing the axial load. Details of the frame and 
beam loadings are given in Fig. 2.8.
The corresponding computer analysis was performed by splitting 
the frame into 47 members and performing an initial elastic analysis 
with the full beam loading applied together with a small axial load 
of 1 ton. Subsequent analyses are performed in the manner 
previously described. The axial load is incremented by tracing 
the formation of plasticity in the column. Corresponding plots 
of axial load versus mid height major axis deflection and axial 
load versus bending moment are given in Figs. 2.9 and 2.10.
The analysis continues until considerable unloading occurs 
at the ends of the column at an axial load of 6.65 tons. Collapse 
is then assumed to have occurred, and this value compares well 
with the experimental collapse load of 6.67 tons. The plot of 
axial load versus bending moment at the end and mid-height of 
the column also gives good agreement with the experimental curve. 
Progressive increase of the axial load relaxes the end moment, 
until at some value of axial load, this moment changes sign.
Collapse occurs soon afterwards, due to the loss of restraint 
previously offered by the end beams.
At first sight, it would appear that agreement for the mid­
height deflections between the experimental and computer analyses 
is not good. However, Gent and Milner19 have shown that the OA 
part of the curve in Fig. 2.9 is governed solely by the column 
stiffness whilst the subsequent part of the curve, ABC, is 
governed by the beam stiffness. The computer analysis gives good 
agreement with the second part of the curve (ABC), whilst giving 
poor agreement with the first part (OA). This is thought to be due
to the difficulty of modelling the effect of the heavy end block 
forming the connection between the beam and column in the computer 
analysis. The ultimate behaviour appears to be predominantly 
dependent on the beam stiffness, due to the relaxing of the end 
moments, and this is demonstrated by the excellent ultimate load 
agreement between the experimental and theoretical analyses.
Two different values of incremental plasticity depths 
(TOL) of 0.0375 ins. and 0.075 ins. have been used in the analysis. 
These two analyses give almost identical results, with the smaller 
plasticity value requiring considerably more computer time. At 
high values of axial load, extensive regions of plasticity begin to 
spread within the structure. Consequently, incrementing for each 
specified region of plasticity in any member elements results in 
a very small increase in the frame load factor, and hence a 
considerable number of iterations to obtain a state of collapse.
The amount of computer time required for a solution using the 
above values of TOL (0.0375 ins. and 0.075 ins.) are respectively 
35 mins, and 18J mins, using an ICL 4130 series computer.
2. I-shaped section.
The second example is based on a rolled steel joist tested 
experimentally by Ajmani61. The column analysed is a 5" x 3" x 9 lb 
RSJ which is laterally restrained at various points along its 
length and has pinned end conditions. The loading path used is one 
of fixed axial load (6 tons) and subsequently increasing the major 
axis bending moment at one end until collapse occurs. The other 
end has zero moment throughout, corresponding to the 0 = 0  case.
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The corresponding computer analysis splits the column into 
24 elements, each 3 ins. in length. The lateral supports are 
modelled by assuming full restraint at the corresponding joint 
locations. The initial analysis applies full axial load together 
with a small amount of bending moment (10 t-in).
Subsequent iteration indicates that yielding commences at 
M/M ** 0.75. Plasticity then develops over the top part of the 
column and moment-rotation agreement is excellent between theoretical 
and experimental analyses until M/M^ = 0.85 (Fig. 2.11). At this 
point, the two analyses commence to diverge with the computer 
analysis predicting larger end rotations than were actually observed.
The computer analysis continues until failure occurs at M/M » 0.95.
P
However the corresponding experimental failure load is much higher 
(M/M^ = 1.31). The large discrepancy between these two values is 
thought to be partially attributable to strain hardening, which is 
not allowed for in the analysis. Davies1*0 has shown that the 
effect of strain hardening can considerably increase the failure 
load of a structure. He demonstrated that for a particular pitched 
roof portal structure, strain hardening alone was responsible for 
a 33.4% increase in the theoretical failure load. Clearly, this 
difference is of the same order as the discrepancy between 
experimental and theoretical failure loads in the present example. 
Indeed, the ultimate moment of the present analysis compares 
well with the reduced fully plastic moment under axial load. As a 
result of instability effects, the maximum column moment shifts away 
from the top end of the column to about the quarter point adjacent
r - ;
*\-r
• ;
■  *7»
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to the column head. Thus according to the rigid plastic theory
a mechanism forms when the reduced plastic moment is reached at
this point due to the presence of three 'hinges' (two real, one
plastic) and collapse occurs. The corresponding value of
M/M is 0.98.P
•'fTR, T O
n
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Chapter 3. Elastic biaxial analysis of steel frames.
3.1 Introduction
A method which allows for elastic instability effects in steel 
frames loaded about the major axis only has previously been described 
in Chapter 2. Consideration of problems associated with space 
frameworks and biaxial loading of planar frames necessitate the extension 
of this analysis to cope with torsional and lateral-torsional 
instability. Finite element concepts are used to formulate relation­
ships between the forces and displacements of a single member via 
simplified assumptions as to the behaviour of the element in terns 
of stress or displacement. A stiffness matrix is then formed for 
each member which contains terms due to both the elastic stiffness 
properties and also the forces acting on the member. An overall 
stiffness matrix is then assembled for the frame and operated on to 
obtain the deflections corresponding to the applied loading in a 
similar manner to the uniaxial analysis.
The validity of the analysis to cope with a wide range of elastic 
instability problems is then examined by comparison with previously 
quoted results.
3.2 Development of elastic and geometric stiffness matrices.
Two solutions for the lateral buckling of beams using finite 
element concepts were published in 1970. The first paper by Powell 
and Klinger62 concentrated on the lateral stability of beams and 
ignored any axial deformations that may occur during buckling since 
these values tend to be quite small. However the second paper by 
Barsoum and Gallagher63 generalised the problem to space and planar
frames by the inclusion of the axial deformation terns. In such 
franes, co-ordinate transformation techniques are usually used to 
specify the geometry of each member relative to some arbitary 
global axes, and in such cases these axial deformations should be 
included to allow for axial-flexural deformations. The method of 
Barsoum and Callagher is summarised below.
The classical procedure for determining the buckling load of 
beams has been to solve the governing equations of Timoshenko.61* 
However due to the complex form of the equations, only particular 
cases of loading and support conditions could be attempted. A 
finite element approach, however, enables solutions to be obtained 
for a wide range of loading and end restraint conditions. Furthermore 
the extension to include non-prismatic and inelastic members as 
well as a variety of cross-sectional shapes is usually fairly 
straightforward.
The subject element is shown in Fig. 3.1. The rectangular 
co-ordinate system is chosen so that x and y coincide with 
the principal axes of the cross-section before buckling and x 
coincides with the centroidal axis before buckling.
Let v, w denote the displacements of the centroidal axis in the 
y and z directions respectively; <(> is the angle of twist and 
u is the axial displacement.
The following assumptions are then made:-
1. u, v, w and cj> are assumed to be small such that their 
products are negligible.
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2. The shear deformations of the middle surface are zero.
3. The cross-section is not deformed in its plane i.e. no distortion.
4. The axial load passes through the centroidal axis.
The angular displacements, 0, and i/i about the minor and 
major axis respectively are then defined by:-
0 - £dx
. dwti = —v dx 3.1a
The element in Fig. 3.1 is acted upon by an axial force P, end
forces and end moments 0 , 0  , Q , Q , M , M , M , M
y i  y2 xzi *2 * yi’ y2 *i* Z2
act along axes parallel to the principal axes through the shear
centre, and a torque along an axis through the shear centre.
The warping displacement, x* is defined as:
x = “ d£ 3'lb
The potential energy of the system, xp, is given by:
xp - U - V 3.2
where U is the strain energy and V is the potential of the 
applied loads.Bleich65 has shown that the strain energy can be 
expressed as
Î 2 2 2 2 2
(El V11 + El W11 + EC $n  + GJ<f1 + EA U 1 )dx 3.3
l zz y y  w
where prime denotes d/dx ; E is Young's modulus, G is the
shear modulus; I , I are the second moments of area aboutyy zz
principal axes y, z; J is the St. Venant torsion constant,
A is the area and is the warping rigidity.
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The potential of the applied load consists of two pacts; the first 
part, V , is the product of the applied loads and their corresponding 
displacements
V, « P(Uj - u2> + Qyl v2 + Qzl ♦ Qz2w 2 ♦ Myj ^
+ My2 *2 + Mzi 61 + Mz2 92 + V * !  ' V  3'4
The second part of V is the potential energy due to flexural and 
torsional action.
7
V = I wi
i“2
where are the separate contributions of the different forces.
Corresponding values of these potential energy terms have been 
obtained by Barsoum and Gallagher.
Their values are:
• L  ^
i2 , 2 , 2\1 + w1 + Iq/A • (f1 Jdx
f w11 • <(i • x dx -  J Q^ 2 1 w11 d> (l-x)dx
1L v11 <^x dx -  J Q22 l Lvn <)> (l-x)dx
-* Myi f v11 4> dx + J M I v11^  dx L y2 ¡ t
-t  " . J w** $ dx + J M22J w ** ip dx
fL L
Mx J (v'-w11 -  w1 v11) dx
L
3.6
3.7
3.8
3.9
3.10
3.11
Transformation of Eqn. 3.2 into the form of stiffness expressions 
requires the selection of a displacement function to describe the 
behaviour of the element. These functions are dependent on the
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co-ordinate x, and are chosen to be exact solutions of axial and 
flexural displacements.
The required functions are given by:-
u = (1 ” X/L) Uj + x/L'u^ “ [fj (u) 3.12a
V -  flV1 + f2 V2 + f3 91 + 02 = e g  < ;> 3.12b
w — f 1 
1*1 + f2 W2 + f3 *1 + £„ *2 " e g  <; 3.12c
4» = f j «1 + f2 «2 + f3 X1 + X2 3.12d
where f^ “ 1 + 2*(x/L)3 - 3*(x/L)2 3.13a
f2 “ 3»(x/L)2 - 2*(x/L)3 3.13b
f3 = - x* (x/L - l)2 3.13c
f4 - - x ((x/L)2 - x/l) 3.13d
and 0 ^ =
1 •• ■ - ©  > 2 © ,
3.14a
*2 “ - (fi 1 X. - - - X - -2 © 2 3.14b
Combination of Eqns. 3.2 - 3.14 gives the following value for 
the potential energy, irp.
*p' “ d*) '“> * rvO 'V *)'*1
* ^  ( lL f,»11> Cfv“J •>«) <p  * ^  ecv
* I«,1) ftp W  «  (♦) - ^  (p.j^  tfvl, [<v,j
- ( p}La l 1 ft» 1] d "  < P  - ^  p • i L> -(fptfpdx <♦>
f L A
* M - O  Qyj i ^ l} *<*“ + ! 0y2 I {£">[ff] (L-X)dX) {♦}
L T .
T-'T
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+ [w.’l'j ' (1 (Mz l - Mz2) • J ( f “ > ' [ f $]  dx> +
[ v , e ] - ( i  Qz i {f^1} [ f #] x  dx + i Qz2 • i {fvu } [ g  (L-x)dx) {£}
L L
+ [v.9] • 0(Myl “ My2) • | {fv11}*f£(i]dx • {^} +
[v,9] Mx/2 • J [fwl1] “ tfwl [fv11])dx {” } - [a] {Fx>
L
“  [V»9J f ^ } ~ [w,^j • { ^ }  -  [$] {M^} 3.15
Terms like I {fw11} ffw*1] El dx can be evaluated byJ L I- J yy
substituting in this expression the displacement values from 
Eqns. 3.12 and 3.13, and integrating over the length L. A 
4 x 4  submatrix in Wj, w2, ijij and i¡>2 will result, which forms 
part of the overall matrix. Similar submatrices for all the other 
displacement terms can be obtained by further integrations.
The overall stiffness matrix, which connects the externally 
applied forces and moments to their corresponding displacements, 
can conveniently be split into two distinct parts. The first part, 
k, (the stiffness matrix) contains terms which depend only on the 
section properties (i.e. axial, flexural, torsional and warping
stiffnesses) of the particular section in question. This matrix 
is thus a measure of the material's ability to withstand the »
applied loading. The second part, n, (the geometric matrix) contains 
terms depending only on the internal forces (i.e. axial force, 
shear forces, bending moments and torque acting at the ends of a 
member). This geometric matrix accounts for the secondary effects 
caused by these internal forces, giving rise to buckling of the 
member.
* .• V. ->»*v» ' S ' . , , • ; - i j -
\
Eqn. 3.15 can thus be written:
*p " C U, V, 0, w, l|), <J>, x ] • [k] {u, V, 0, W, 1^, (f,, X}-1 +
[ u,v,0,w,<S<J>,x ] [n] {ufv,0,wf^ ,4i,x}-1 - [u,v,0,w,i(i,^,x]{F} 3.16
The first term of the above equation (containing k) is the strain 
energy U, the second term (containing n) is the potential, V, 
of the applied load and the third part is the potential of the 
applied loads in the prebuckling state.
For stable equilibrium, using the principle of minimum 
potential energy.
6irp “ 0
Applying this to Eqn. 3.16, gives:
{F} - Qc] + [n] (A)
where (F} is a vector of forces acting at the ends of the 
element.
{A} are the corresponding displacements.
Combining the stiffness and geometric matrices gives:
{F} = Qc] {A}
where K is the combined stiffness and geometric matrix for 
the element. This matrix i3 given in Fig. 3.3 corresponding 
to the loading and deformations of Fig. 3.1.
. f \
3.3 Extension of the analysis to include unsymnetricat bending.
The previous discussion concentrated on deriving stiffness 
expressions for a beam when the loading was applied about principal 
axes. This analysis is now extended to consider the more general 
case of unsymmetrical bending where the loading is applied through 
any arbitary axes. The method is thus suitable for the elastic 
analysis of unsymmetrical sections.
The analysis will also enable allowance to be made for the 
unsymmetrical formation of plasticity under biaxial bending in
a member which is initially symmetrically loaded in its elastic
state. When a section is loaded biaxially so that plasticity
develops, the orientation and position of its principal axes will
change due to the reduction in effective stiffness brought
about by the development of plastic regions.
Allowance for unsymmetrical bending can be made by altering 
the previous stiffness analysis in one of two ways.
Either: 1. By calculating the orientation of the new 
principal axes with respect to the elastic principal axes and 
then modifying the original stiffness matrix by using rotation 
transformations.
Or: 2. By basing the stiffness matrix on the original 
axes. The usual assumption for bending about the principal axes
bending equations must be used and the stiffness matrix altered
that does not now hold. Hence more general governing
accordingly.
It was decided to retain the original elastic axes as a 
basis for the formation of the stiffness matrix and hence 'method 2' 
above was used. A slope deflection method is used to calculate 
the extra terms for inclusion in the stiffness matrix of Fig. 3.3.
3.4 Derivation of the stiffness coefficients for unsymmetrical 
bending.
The governing differential equations for unsymmetrical bending55
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EI z11 - EI y 11 = - M
yy yz 7 ;
EI y11 “ EI z1 1 = - Mzz yz z
where prime denotes differentation with respect to x, and the 
definitions of the end forces and displacements are given in 
Fig. 3.1.
By manipulating the above equations, in terms of one 
differential variable, they become:
3.22
3.23j  c>« <■ y
where B - E(I 2 - I *1 ) 3.24yz zz yy j .*4*
By taking moments at an arbitary point along the member length:
Mz =Mz l +Qy l ' X 3’ 25
My " Myi “ Qzi‘X 3.26
Substitution into Eqn. 3.22 gives:
By*1 - M I  + Q x I + M I + 0  x lyl yz z1 yz zl yy ^yj yy
r11 - M l + M Iy yz z yy
.a - M I + M 1y zz z yz
= •I
3.27
V*-
n  u \
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By integrating the equation with respect to x, and introducing 
the end rotations, the following expression is obtained:
B(02 - 6l) = L.(Myl .Iyz ♦ Mzl. Iyy) + L2/2-(Q2l-Iyz + Qyj-Iyy) 3.28
Integrating again and applying the end conditions:
B(v - v ) - - L2/2.(M . I + M , I ) + L3/6.(Q , .1 + 0  .1 )2 1  yl yz zl yy xzl yz yi yy'
+ B ^  L 3.29
Similarly, by substitution of Eqns. 3.25 and 3.26 into Eqn. 3.23 
and performing two integrations gives:
B(V V  = L.(Myl.Izz ♦ MzlIyz) + L2/2.(Qzl.Izz + 3.
B(w2- Wl) = L2/2 (Myl !zz ♦ MziIyz) + L3/6 ^  + ^
Combination of Eqns. 3.28 - 3.31 enables each force 0 . 0y 1 Mzl
Myl’ Mzl to be exPre3Sed in terms of the stiffness values and 
displacements.
Hence:
w _ 2 E , _  , _ 3(v —\r V.
30
I„,)+B().1L 3.31
yz
yz
3(w - , - 2 Vl) 3.32
L
. 3Cvz- V)) 3.33
L
(w2- Wi>;
L
1) 3.34
<v V)
L
) 3.35
Taking moments about End 2 gives :
0 zi
+ n .1 =Z2 zi
M + M + Q _ L y2 yl H Z 1 -
M + M Qy *L  0
. • - v yr -v’.'-T -i. \
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Combination of Eqns. 3.36 and 3.37 with Eqns. 3.32 and 3.33 enable
“z2 and My2 t0 be found- Corresponding values of the 
forces 0y2 and can also be obtained. These values are:
M » IE (Iz2 L zz
CM
r
* - —  L (I  1 yy
^ 2
- -
Qyi
«Z2
=s —
QZ1
yz
la
V  L~ U ( 2 * 2 + V  3(w2~ w l>) - Iy2(292+er  3(v2~ v^))
The matrix of Fig. 3.3 is therefore modified by alteration of the 
following values:
B4 - - 12 El /L3 yz
D4 = - 4EI /l
yz
QA = 6EIyz/LZ +
Q5 - 6EIyz/L2 - Mx/L
Q6 2EIyz/L " Mx/2
Q7 - - 2EI /L + M /2 yz x
This matrix thus corresponds to a beam loaded biaxially through 
non-principal axes. The extension of this matrix to include members 
of any orientation will now be described.
essai «¿JR’ ' > “T ~
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3.5 Transformation of displacements.
In order fc> analyse plane frames of arbitary geometries and 
to relate the internal actions of the members, a rotation matrix1*6 
with respect to some global system of axes nu3t be used. In the 
case of a plane frame, rotation about one axis only is required. 
Hence, in Chapter 2, the angle a was used to represent the 
inclination of any member to the overall axes. The extension to 
space frames necessitates a further rotation about a perpendicular 
set of axes. Thus in the present case, a member is assumed to have 
a rotation of a in the XZ plane (rotation about the Y axis) 
and a rotation of 0 in the XY plane (rotation about the
Z axis) of Fig. 3.1. The corresponding sign convention for 
these rotations is given in Fig. 3.2. This second rotation, 8,
changes the method from a plane frame analysis to a space frame
analysis and thus enables initial curvature about the minor axis
to be dealt with easily by means of a suitable deflected shape.
Any member orientation can thus be specified with respect 
to some arbitary set of rectangular coordinate axes. The overall 
axes assumed here correspond to the beam element of Fig. 3.1.
Hence the rotation matrix for such a member must revert to the 
unit matrix when a = 8 =■ 0.
This rotation matrix is given by:-
" v-ypr *•. “  •; ' V
•
72
CCJ CS1 0 s 0 0 0 u1
_S1 C1 0 0 0 0 0 V1
0 0 c 0 SS1 SC1 0 ei
a * SC1 -ss j 0 c 0 0 0 w1
0 0 0 0 Cl -si 0 1>1
0 0 -s 0 CS1 CC1 0 *1
0 0 0 0 0 0 1 X1
where c• C1 are cosa and cos 3 respectively; S, Sj are s
and sinS respectively.
The above matrix refers to the transfer of displacements at 
end 1 of the member to the overall coordinate system or:-
3.43
X = a Z 3.44
where X represents the member system of axes and Z the overall 
system of axes.
The corresponding rotation matrix, A, for the member is given
51
3.45
52
A is a 14 * 14 element matrix corresponding to the seven degrees 
of freedom at each joint. The 0 values in Eqn. 3.45 are null matrices 
of degree 7 x 7 .
The above rotation matrix takes no account of any transformation of 
the warping displacement, x* It will however be seen later that when 
any two members of differing orientation to the overall system of axes 
meet at a joint, it is assumed that there is full warping restraint.
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Hence the modification of x in the above matrix is not required.
The overall stiffness matrix of the frame is then obtained in 
the following way. The relationships between forces and displacements 
expressed in both local and global co-ordinates are as follows.66
KX 3.46
F is a vector of member forces
X is a vector of joint displacements expressed in local
co-ordinates
X is the overall stiffness matrix
A is the transformation matrix from local to global 
co-ordinates
Z is a vector of displacements with respect to the 
global system
L is a vector of applied loads.
Prime denotes the transpose of the vector.
From Eqns. 3.46 and 3.47,
F = K A Z
also from Eqns. 3.47 and 3.48 
L1» F1 A
By using matrix algebra, this gives 
L - A 1 F
Combining Eqn. 3.49 and Eqn. 3.51 gives 
L - A1 K A Z
3.49
3.50
3.51
3.52
* ' •• K
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This equation thus connects the applied loads to the displacements 
in terms of the overall co-ordinate system.
Matrix A1 K A is the overall stiffness matrix, and is given 
for the single member of Figs. 3.1 and 3.2 in Fig. 3.4.
3.6 Formation and solution of the overall stiffness matrix.
The stiffness matrix of Fig. 3.4 is now of a similar form to 
Fig. 2.1 for the uniaxial bending case with seven, rather than three, 
degrees of freedom at each joint. The matrix is also symmetrical 
about the leading diagonal and thus can be formulated using the 
irregular bandwidth technique and solved using the compact 
elimination process.59 The need for an efficient joint numbering 
scheme now becomes even more necessary due to the large increase in 
storage space required by the extra degrees of freedom.
The storage requirement for a frame is given by:-
N = 28M + I 49- (j - i) 3.53
j-1
where M = number of joints
i is the lowest numbered joint that is connected to 
a given joint j ( j > i).
The first term (28M) in the above expression is the amount of 
storage required by the 7 x 7 submatrices which lie on the 
leading diagonal. The second term gives the storage requirements 
of the off diagonal submatrices. A further 7*M locations are 
also needed to specify the address locations of the leading diagonal 
terms. If a restraint appears at a joint due to direction, 
rotation or warping fixity, then the corresponding row (and column)
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is removed from the overall matrix.
By reference to Fig. 2.2, a comparison between the storage 
requirements of the uniaxial and biaxial cases can be made. No 
provision is cade for rotation transformation of the warping 
displacement in the latter case. This means that joints such as 
3, 4, 5, 6, 7 and 9 in Fig. 2.2 are assumed to be fully restrained 
against warping. This assumption is thought to be reasonable since 
the additional stiffness given by the joint connection will 
normally prevent any differential movement of the flanges of an 
I-section. The corresponding storage requirements including the 
address locations of the leading diagonal for the 3-storey, 1-bay 
frame are 162 and 599 respectively for the uniaxial and biaxial cases.
3.7 Non-linear elastic analysis procedure.
The required initial data is specified and an initial linear 
elastic analysis is performed by setting all the force and moment 
terms of the overall stiffness matrix to zero. The matrix is then 
solved using Gaussian elimination to calculate the internal forces 
corresponding to the applied loading. These internal forces are 
then substituted into the matrix for the previously zero geometric 
terms and the matrix is re-solved. Iteration is then continued 
until agreement between two consecutive sets of displacements 
obtained from the stiffness analysis are within a certain 
tolerance of each other. In the uniaxial method of Chapter 2, 
this tolerance test was performed solely on axial loads rather than 
displacements since the axial load is responsible for the lateral
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instability effects. However when considering the biaxial case, 
instability will depend on the combined effects of forces and moments 
giving rise to the various flexural and flexural-torsional buckling 
modes. Application of a tolerance test to all the displacements 
ensures that an accurate assessment of instability effects due to 
a particular load level is made. Once convergence on deflections 
is obtained, the load factor is increased, and a linear extrapolation 
procedure is U3ed to estimate the geometric terms to be used in the 
new overall stiffness matrix, based on the previous values. The 
process of analysis and reanalysis is again performed until the 
tolerance test on deflections is satisfied. The applied loading is 
again increased, and the process is continued until the determinant 
of the stiffness matrix becomes zero or negative. If necessary, 
the applied loading can now be reduced to a value halfway between 
the last convergence and the present collapse value. In this way, 
a more accurate assessment of the failure load is obtained. A 
flow diagram for the procedure is given in Fig. 3.5.
3.8 Use of the program to examine various elastic buckling problems.
Several examples which test the validity of the computer analysis 
in dealing with both frame and member elastic buckling will now be 
given. The examples cover various types of both beam and column buckling 
with various end restraint conditions and also some experimental 
results on continuous beams and portal frames.
3.8.1 Column buckling.
1) Pin-ended column.
For a perfectly straight pin-ended column, the elastic critical 
load is given by the well-known Euler buckling equation:
■ - • f  •
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P =■ ir2 EI/L2 3.54e
where P^ « Euler load; E « Young's modulus; X = second
moment of area about the minor axis; L = column length.
If the column has initial single curvature about the minor axis,
then the central deflection, y, is given by:
y -  y /  (P /P -  l) 3.55o e
where yQ is the initial central deflection and P is the axial 
load. The corresponding computer modal had the following
properties
E *» 1000; I = 0.167; L = 10; assuming these values are 
part of a consistent set of units.
The column was split into 10 elements each of unit length, 
and an initial axial load of one unit was applied to the column.
From Eqn. 3.54, the Euler load, P = 16.45.e
An initial deflected shape about the minor axis can be 
obtained by applying a constant single curvature moment about the 
minor axis. The load vector for inclusion in the analysis is thus 
specified in two parts. The first part contains the axial load 
and increases linearly as the load factor increases, the second 
part containing the minor axis moments is independent of this 
load factor. By applying a small unit moment about the minor 
axis, M the initial central deflection wasy
y - 0.072 
J  o
at a value of P close to the Euler load of 16.25 units, the 
central deflection is given by (Eqn. 3.55)
• -•i
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0.072/ (16.45/16.25 - 1) = 5.870
The bending moment at the centre of the column, Myc» is given by
yc My + P •y ” 1 + 16.25 x 5.87 =■ 96.39
The corresponding computer analysis gave values for y^ and
M as 5.900 and 97.00 respectively. The determinant of the
stiffness matrix becomes negative at a load factor of 16.5,
corresponding to an axial load of 16.5 units. A load factor
increment of 0.1 had been used and thus the column had buckled
at an axial load value of between 16.4 and 16.5. Further analyses,
could have been performed as previously described by reducing the
load increment and reanalysing. However agreement was thought to 
be excellent, particularly since only a small number of member
elements had been used, and thus the extension to a greater number 
of elements was not attempted.
2) Restrained Columns.
The elastic critical load of a column which has full restraint 
against both translation and rotation at its ends is given by:
P - 4tt2 EI/L2 3.56c
The same problem as for the pin-ended case has been attempted by 
setting E = 250 and thus the expected failure load is as above.
The computer analysis again indicated that the determinant of the 
stiffness matrix becomes negative at an axial load of 16.5. Increments
of 0.1 for the axial load have again been used at values approaching 
the critical value.
f t
H U
3) Pure Torsional buckling of columns under axial load.
Pure torsional buckling is represented here by an axially 
loaded uniform section member constrained with respect to lateral 
displacements at its ends but free to rotate about its longitudinal 
axis.
The governing differential equation is:
EC $lnl + (PI /A - CJ)^11 = 0 3.57w o
where prime denotes differentiation with respect to the 
longitudinal axis, x.
The boundary conditions are <J> = 0 at x =* 0 and x « L
The exact solution is:
P = A (it2EC /L2 + CJ) 3.58
C To
Since the critical load is a function of several section properties 
of a member, a specific choice is used for these parameters in 
the finite element approximations. Consequently in the computer 
analysis, the values of E, C and L have arbitarily been set 
to 1000, 250 and 100 respectively whilst the section properties 
correspond to a 152 x 152 x 30 UC. The column is again split into 
10 equal length elements and the non-linear analysis is performed 
under increasing axial load. Agreement between Eqn. 3.58 and 
the computer analysis is good. The computer solution gives a 
critical load of 550, compared to a value of 542 obtained from Eqn. 
3.58.
4) Torsional buckling of pin-ended columns under unequal 
uniaxial end-moments.
Horne13 has introduced the concept of 'equivalent uniform moment'
’j y m r r r ^
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enabling columns acted on by a variety of unequal end moments 
to be treated as a single case under single curvature bending 
with respect to torsional instability. He gives charts 
relating the ratio of end moments, B, to a reduction factor which 
when multiplied by the larger end moment gives the corresponding 
single curvature moment. A check on the validity of the present 
analysis to deal with torsional instability under different 
combinations of end moments can be made by comparing this analysis 
with Horne's charts.
In order to test the validity of the computer analysis, it 
is necessary to consider an isolated pin-ended column under a 
series of different end moment ratios covering the range between 
single and double curvature bending. This reduction factor, m, 
is found to be dependent on the warping rigidity of the section. 
Hence a wide range of sections should be used to study the 
effects of this warping rigidity respectively.
The corresponding computer analysis is performed on a
203 x 203 x 46 UC of length 3 m and split into 20 elements of
equal length. The buckling moment is then found for various ratios
of end moments; each value of moment is then compared with the 
value obtained from the single curvature analysis.
The reduction coefficient, m, is given by
m =■ M /M„ o' B 3.59
where is the torsional buckling moment for single curvature bending
Mg is the buckling moment for an arbitary ratio of end moments.
■ *%lh-*
*«T" . M g
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For each value of end moment ratio, two values of buckling 
moment can be obtained by artificially setting the warping rigidity 
to aero and a very high value respectively (corresponding to a 
large universal column section, 356 « 406 x 634) in the overall 
stiffness matrix and performing two separate analyses.
The corresponding m - 8 charts of Horne are compared with 
the present analysis in Fig. 3.6. Agreement between the two 
sets of values is found to be excellent.
3.8.2 Beam buckling
1. Lateral buckling of an I-section beam under single curvature 
bending moment.
The solutions of the governing differential equations for lateral 
buckling of beams with simple support conditions have been given 
by Timoshenko61*. The equation for the critical moment, ^cr> is
M = V"EI *GJ-(1 + it2 EC /(GJL2)\ ,cr L yy w i  3.60
An I-section with a total depth of 500 mra, flange breadth =■ 250 mm,
flange and web thickness = 25 mm and a length of 7.5 m is used in
the analysis. The beam is split into ten elements of equal length
and the resulting buckling moment of 1100 kN gives exact agreement
with Eqn. 3.60.
2. Lateral buckling of beams with varying end support conditions.
The extension of the governing differential equations to cover 
various end conditions is very difficult and so far has not been 
attempted by previous researchers. Nethercot67, however, has 
proposed the introduction of two factors into Eqn. 3.60 which take
account of the additional end restraint. The critical moment, Mcr’
now becomes
M = kl1T / El *GJ-(1 + k ir2 EC /(G-J-L2)) 3.61cr —j— yy 2 w /  •
where kj and k2 are the restraint factors, and revert to 
unity for simple end supports.
In order to obtain the factors k^  and k2 using the analysis
program, it was necessary to treat the problem in two stages.
Initially, an analysis is performed under the required support
conditions by setting the warping rigidity, C , to zero in thew
overall stiffness matrix. When the determinant of the stiffness 
matrix becomes zero, k^  can be found corresponding to this 
buckling moment by substitution into Eqn. 3.61. A second analysis 
is then performed to calculate a new buckling moment for the warping 
rigidity set to its correct value. A corresponding value of k^ 
can thus be obtained by substituting the value of kj in Eqn. 3.61.
Values of k^ and k2 for various end conditions are given 
in Table 3.1. Using the above method, any small error in k will 
be magnified when obtaining the value k2- The buckling moments 
obtained from the analysis correspond to a particular load level 
at which the determinant of the stiffness matrix is zero or negative. 
A more accurate value could be obtained if necessary by reducing 
the increment in load factor which is added to the full load factor 
at each convergence. However, agreement between the present analysis 
and Nethercot's values is thought to be excellent.
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3.8.3 Experimental elastic buckling.
(i) Trahair68 has presented some experimental and theoretical 
analyses for the elastic buckling of continuous beams. The 
tests were performed on a series of high strength aluminium beams 
of two spans which were loaded at the mid point of each span. The 
loading was applied to the top flange of the beam and various 
buckling modes were found for different ratios of span loading.
As the load on one span of a continuous beam is increased from zero, 
the critical load of the other span increases due to changes in 
the major axis bending moment distribution,until a certain critical 
value is reached for which there is no load interaction between the 
two spans. This point corresponds to the situation where neither 
span offers any lateral buckling restraint to its neighbour. The 
section properties of the section and the corresponding interaction 
diagram of buckling are given in Fig. 3.7.
The effect of applying the load at a point away from the shear 
centre is to.cause an extra term to appear in the overall stiffness 
matrix. As the beam rotates, the applied load vector will change 
- due to the offset load causing additional twisting about the
longitudinal axis. The stiffness matrix of Fig. 3.3 is thus altered 
by adding an extra moment term to the leading diagonal of the matrix.
Thus if a load, P^, is applied at joint 'i', a distance y^
from the shear centre, the term E2 of submatrix K^. corresponding 
to the twist term is given by
E2 - 1-2 GJ/L. 12 EC /L.3 + P.y.
l  w i  x J  i 3.62
s i * «' ‘ ». ^  r
c
\
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A comparison between the experimental results of Trahair
and the buckling values using the present analysis is given in
Fig. 3.7. Each span is split into ten members of equal length
and the applied loading (initially set at a fraction of the expected
failure load) is specified in two parts, corresponding to either
a fixed ratio between P and P or a fixed value of P1 2 1
(i.e. Pj remaining constant as the load factor is increased).
Trahair found that his theoretical analysis consistently underestimated 
the experimental buckling loads by about 4%; a fact he attributed to 
additional restraint given by the supports. However the present 
analysis does not show a similar trend and gives better agreement 
with the experimental values.
(ii) Vacharajittiphan and Trahair6<) have extended the previous
elastic buckling solution to cover simple rigid jointed fixed base
I-section portal frames with vertical point loads on the columns
and at the centre of the adjoining beam. In such a frame (see 
Fig. 3.8), the columns buckle out of plane when there is zero
beam load. However, if the beam only is loaded, flexural-torsional 
buckling occurs. Thus in the general case of both beam and column 
loading, buckling is an interaction between these two cases. 
Corresponding small scale portal frame tests were performed on high 
strength I-sections which were of similar cross-section to the previous 
continuous beams. The section properties and frame details are 
given in Fig. 3.8 together with the interaction plot of column 
versus beam loads. For low-wide portal frames, the beam critical 
load was found to be fairly constant for a large range of column
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loads. However, for high-narrow profile portal frames, the beam
critical load significantly reduced after the application of only
small column loads. In such frames, the stiffness of the columns 
is appreciably reduced due to the effects of compressive axial forces
and hence the restraint at the beam-column intersection becomes
less effective.
The present computer analysis has examined the low-wide portal 
frame and the results are compared in Fig. 3.8. The applied loading 
was again displaced from the shear and thus modifications using 
Eqn. 3.62 were used at the beam-column joints and at the mid-point 
of the beam. Generally, agreement between the two sets of results 
is good. Vacharajittiphan and Trahair found that the maximum 
discrepancy between his own theoretical studies and the experimental 
results was 6%. The present analysis gives values which are generally 
within 3% of the empirical curve.
3.9 Conclusions.
The present computer analysis has been used to obtain elastic 
buckling loads for a wide range of beam, column and simple portal 
frames with various loadings and end restraints. In all cases, 
agreement between the present analysis and previously cited results 
is found to be excellent. This demonstrates the validity of the method 
in dealing with various types of elastic lateral and lateral-torsional 
buckling modes. *
*r t
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L 7  = B 2 c s s -  Q 4 s ’s ♦  Q 5 c '  -  B 6 c s s  + A 3 e s c  - A 5 s < c
M 7  - C 2 s c s  -  B 3 ^ s * *  D 4 c ,c -  B 5 ^ s  - E2SC S
N 7  _ Q 4 s c s  B 6 c c  *  A 5 ^ c *
0 7  = 2 D 4 c s s *  2 B 5 c s c  *  2 B 3 s c s  C 2 s s  +  C 6 c '  +  E2s.*c*
P 7  = ( B 6 - B 2 ) c , s s  Q5s,* -  Q 4 c V  - A 3 ^ sc  - A 5 c c s
R 7  _ (C2-E2)c;cs -*■ B 3c .(c -s’) +■ B 5 s s D 4 s c
S 7  _ Q 4 c c s  -  B 6 s c  *  A 5 c c *
T 7  = D 4 s  (<£-s,*) B5c(<£s,*) -#• 2 B 3 c s.c s +  C 2 c s s ’ -  C 6 q s  + E 2 c ^ c *
U 7  . 2B3c¡cs -  2B5c s,c  -  2D4c.<,s +  C 2 c V C 6 s *  ♦ E2CC1
V 7  = - C 3 s ,  -  C 5 q s  - W 7  ;* C 3 c ,  -- C 5 s s
X 7  - D 3 c  -  F 2 s  ¡ Y 7  -: C 5 c
Z7  . D 3 s s  -►  D 5 c ,  + F2%c
A 8  _ D 3 c s  -  D 5 s ,  + F 2c,c ; B 8  - G 2
C 8  _  B 2 ^ c  ♦  E 3 s s  +  Q 4 q c s  *  E 5 c s '
D 8  — B 2 s 's  +  Q5s.c, -  E 3 sc  + Q 4 c ,ss *  +■ B 6 ^ s  -  E S ^ c s
E B  _  B2c,s,s -  Q 5 s , ’ -  E3c.^c + Q 4  c V  -  B 6 c s s  -  E 5 c c s
F 8  _ -  F 3 s ,  -  F 5 c s
G 0  =  E 5 s s *  -*■ Q 4 s c s  -  E 3 c ¿  -  B2c,c
H 8  _ B 6 c, s^  Q 4 s js *  -  B2c,^s -  Q 5 c ,’  + E3c,s.c -  E S s ^ s
18 =  -B 2 c , s  +  Q 5 c ,s ,  *  E 3 c ,c  + Q 4 c ,s ,s*  -  B 6 s ‘s  -  E 5 c ,s ,c s
J 8  ,  F 3 c ,  -  F 5 s . s
K 8  =  I3 s> s +  I5 c ,s *  -  B 2S.C  -  Q 5 c . c s
LB -  B2c,c  -  Q 5 s . c s  -  I3 c , s  -*• 15s.S1
M B  „  D 2 c *  -  G 3 c s  -  J 3 c s  -►  H 2 s *
N 8  ,  Q 5 c *  -  I 5 c s
0 8  =  ( D 2 - H 2 ) s . c s  Q 7 c ,c  *  G 3 s ,c x -  J 3 ^ s *  -  J 5 c ;s
P 8  =  I D 2 - H 2 k i p s - Q 7 S . C  ♦  G Sc .c *’ -  J 3 c , s *  J 5 s , s
Q 8  =  H 3 c  +  1 2 s
R 8  _ B2<£ *  Q 5 c . c s  *  K 3 s ,s  +  K 5c ,s’
Q 7  =  B 2 q s  -  Q 4 c , ^ s *  -  Q 5c,s, *  B 6 s , s  + A 3 c ;c  -  A5c ,s(c i  
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S 8  -  -B 2 c ,c  Q 5 s . c s  -  K 3 c ,s  K 5 s .s
T 8  =  0 2 c 1 *  E 2 s *  -  2 L 3 s c
U 8  —  -  Q 4 c *  -  E 5 c s
V 8  —  E 5 s ,c *  -  B6<;c  -  Q 4 s , c s
W 8  _  E Sc .c *  + B 6 sc -  Q 4 c , c  s
X 8  =  F 5 c  ; Y 8 =  - Q 5 c *  -  K 5 c s
Z S  =  - B 2 s , s  -  Q 5 q ^ s * -  Q 4 s ,c .  -  B 6 c ,s  -  I3 s * c  -  I 5 c , s c s
A 9  =  (B2  - B6k,s,s -  Q S s V  * Q 4 c , ’ +  13c,s.c -  I S s ^ c s
3 9  _  (D 2  -  H 2 k .c s  -  G 3  s s * *  Q 6c ,c  -  G5c,c *  J 3 s , c '
C 9  — Q 5 s . c s  -*• B6c ,c  *  15s,c*
D 9  =  ( Q 7 ~  Q6)c,s,s * ( G 5 -k J 5 ) c s c  *  D 2 s > M G 3 * J 3 ) s > c  *  D6c,* *  H 2  s’c '
E 9  _  (G 3 +  J 3 ) c s c s * ( D 2 s %  H 2c)csi* ( Q 6 s  +  G 5 c ) c -  (J5c  +  Q 7s)s,x -  D 6 c fs,
F 9  =  H 3 s;S  +  ’ H 5 c ,  -  I2s>c
G 9  _  ( B 2 s -  K3c)s,x + [Q5s+  0 4 ^  *  B 6 c *s  -  K 5 q ^ c s
H 9  =  ( B 6  -  B 2 ) c s s  + Q 5 s V - Q 4 c , *  +• K3c.s.c -  K 5  s‘c  s
E 2 s 'c
0 9  _  Q 5 c . c s  -  B 6 s ,c  ♦  I5c ,c
P 9  _  (G3-*-J3)c,s,cs ♦  ( Q 7 s  *  J 5 c k , x-  { Q 6 s *  G 5 c ) s *  +  ( D 2 s * -  D 6 )c,s , *  H2c,s,c
Q 9  _  ( G 3 * J 3 ) q c s  -  (Q 7-*- Q 6 )c ,s,s-C J5  <-G5)c.s,c +  ( D 2 s ’+ H 2 c j c , ' *■ D6.s,1
R 9  =  H 3 c ,s  -  H 5 s ,  -  t2c,c
S 9  _  (B2 -  B 6 ) c s s  + Q S c 's *  -  K 3 c . s c  -  Q 4 s *  -  K 5 c *c s
T 9  _  ( Q 5 s * +  Q 4 )c,s, -  B 2 q s  -  B 6 s s  +  K 3 c c  -  K 5 c , s c s
U 9  _  ( C 2 - E 2 ) c , c s  +  L 3 c , f c - s a)  -  D 4 s,c  +■ L 5 s , s
V 9  -  B6s,c K5c.c* -  Q 5 c , c s
W 9  -  2 L 3 c s c s  *  D 4 s (c ;-s *)  +  L5cjc,*-s*) *  ( E 2 c x + C 2 s x -  C6)c,s,
19 _ (C 2  -  E 2 ) s c s  +• L 3 s , ( c - s * )  + D 4 c ,c  -  L 5 c , s
J 9  = K 5  s c *  -  B6c ;c  -  Q 5 s . c s
K 9  = 2 D 4 c s s  ♦  2L5c,s,c *• 2 L 3 s * c s ♦  C2s^s* +  C 6 c *
L 9  = ( B 6 -  B 2 )c , s . s -Q 5 q V  *■  Q 4 s . x I3 c ^ c  -  I5 c *c s
M 9  = (B 2 s  *  I3 c)c M D 5 s%. Q 4)c.s, ♦ B 6 s * s  -  I5 c , s , c s
N 9  = ( D 2 - H 2 k . e s -G 3 c , s l  -  Q 6 s ,c G 5 s,s  +  J 3 c , c *
X 9  = 2 L 3 c > s -  2 D 4 c s , s  -  2 L5c .sc  +  E 2 c 'c +• C 2 c , s  ♦ C 6 s,x
Y 9  = - M 3 s .  - M 5 q s * Z 9  = M 3 c .  -  M 5 * s
A | 0 _ N 3 c  - 12s B I O  = M 5 c
C IO = N 3 s s  ♦ N 5 c ,  ■» I 2 s c D IO  = N 3 c ;s  -  N 5 s .  * I29C
E l O = J 2 F lO  - - 0 3 s , -  0 5 c ,s
G l O - 0 3 c .  - 0 5  ^ s H lO  = P 3 c  «- F 2 s
1 lO - 0 5 c J I O  = P 3 s . s  *  P 5 c ,  - F 2 s .c
K lO = P 3 c . s  - P 5 s .  -  F2c,c
C =  COScc i s  = s in  OC j c. -  c o s  p ; s, = s in  p
F ig  3 4  (cont.)
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Chapter 4. Plasticity effects in biaxially loaded steel frames.
4.1 Introduction.
In Chapter 2, algebraic expressions were derived giving 
reduced stiffness values for rectangular and I-shaped sections under 
axial load and major axis bending moment for various stages of 
plasticity. However, this method has not been attempted to cover 
biaxial bending moments and axial load due to the multiplicity of 
different plasticity states.
A direct method is used which calculates stiffness properties 
corresponding to given values of applied axial load and major and 
minor axis bending moments. This method has been adopted in a similar 
form by several previous researchers21»^9»20. An I-section shape is 
idealised into three rectangles which form the two flanges and the 
web. These are then subdivided further both horizontally and 
vertically into small rectangular elements (Fig. 4.1). Estimated 
values of axial load and major and minor axis bending moments are then 
calculated corresponding to assumed trial values of curvatures and 
axial strain by summation of the individual contributions of the small 
elements. If the initial assumptions for curvatures and axial strain 
had been correct, the summed values of axial load and moment would 
give exact agreement with the actual values. Generally, however, 
these values do not agree and an adjustment procedure using Newton- 
Raphson's method is used to obtain better initial estimates. The 
method may be described as a quasi-linearisation type, because it reduces 
a set of non-linear terms in a Taylor series about an assumed 
solution, retaining only the linear terms. This method is continued
until satisfactory agreement between the two sets of axial 
force and moments is obtained.
The general nature of the method gives it the following 
advantages over the method for uniaxial bending;
1. Any shape of cross-section can be specified.
2. Any stress-strain relationship can be used, including 
combinations of two or more different materials.
3. Various arbitary residual stress patterns can be used.
4. Knowledge of the extent of the plasticity zones within a 
section enables reduced values of torsional, warping and 
cross-product of inertia rigidities as well as the usual 
second moments of area about the principal axes to be 
calculated.
Once these reduced values of flexural and torsional stiffnesses 
have been obtained, an elastic-plastic frame analysis is performed 
by suitably modifying the stiffness matrix of Fig. 3.4.
4.2 Derivation of moment-curvature properties for steel I-sections.
The following assumptions are made in deriving the moment- 
curvature properties.
1. The cross section is split into small elements (see Fig. 4.1). 
Across each element, the strain is assumed to remain constant, and 
to correspond to the value at the centroid of the element. It is 
further assumed that the section properties and forces and moments 
in a section can be obtained by summation of the individual 
contributions of the small elements.
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These assumptions obviously become more exact as more elements 
are used in the cross-section. Practical values of these subdivisions, 
however, must strike a balance between giving sufficiently accurate 
results whilst not using excessive computer time or computer storage 
space.
2 . A plane distribution of strain is used, and the effect of warping 
stresses on yielding is ignored. Culver70 has shown that for warping 
unrestrained elastic columns under biaxial bending, these warping 
stresses constitute approximately 10% of the total normal stresses 
at the critical load. The corresponding value for restrained 
warping is 2%. This assumption will therefore indicate that yielding 
occurs at larger stresses than in reality. In practice, beam-column 
connections will offer some restraint against warping and an 
overestimate of the yield stress of about 5% would be expected.
The elastic effects of warping however have been included as an 
extra degree of freedom in the elastic stiffness matrix.
3. The stress-strain relationship of the material is idealised as 
being trilinear, consisting of elastic, plastic and strain-hardening 
regions (Fig. 4.2). An upper limiting value of stress is not 
specified in the strain-hardening region, and it is further assumed 
that the behaviour is similar in both tension and compression.
This stress-strain behaviour is found to be fairly typical 
of structural steels and the idealisation to three distinct regions 
of linear behaviour is therefore justified.
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4. A suitable pattern of residual stresses satisfying internal 
equilibrium is used, which is assumed not to vary across the flange 
and web thicknesses. Experimental results given by Young71 have 
shown that the residual stresses vary only slightly across the 
thickness, until this thickness reaches 40 mm, or so (a 'thick' 
section). At values of thickness greater than this, far more 
severe values of residual stresses are encountered and result in 
significant stress variations across the flange thickness.
5. It is assumed that yield is produced by the sum of the normal 
stresses only acting on a section. Hence the shear stresses are 
assumed not to affect the yield point. Similar assumptions have 
been made by Galambos72 and Trahair73 in their examination of 
inelastic buckling of beams and by Hutchings21 and Fukomoto and 
Galambos6 7*1 in their analyses of inelastic columns. Their studies 
indicate that this assumption is reasonable.
6. Elastic unloading from the plastic or strain hardening region is
not considered. Milner25 and Baker et al7 have indicated that
*
unloading will generally result in an increase in collapse load, 
thus making this assumption conservative. Indeed, Milner suggested 
that unloading was unimportant except when a column was subject 
to very large initial moments from stiff restraining beams.
4.2.1 Moment-thrust curvature relationships.
The section is split into small elements (Fig. 4.1). Values 
of major and minor axis curvature (<j> and 6) and axial strain (e) 
are assumed. As a first approximation, these can be obtained from
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Che elastic equations.
<4 = M /(El )v y' yy
6 - M /(El )z zz
e = P / (EA)
4. la 
4.1b 
4.1c
The corresponding strain on elenent ij, e£j » is given by -
£ . . “ £ +  «-U.. + 6*V.. + f /E 4.2ij ij ij s
where U.. and V.. are the lever arms about the maior and ij J
minor axes respectively taken from the mid-point of the element.
fg is the average residual stress acting at the centre of 
the element. Typical residual stress patterns have been given 
by Galanbos72 for American rolled sections and by Young65 for 
British rolled and welded sections.
A corresponding stress, c k j, is found from Fig. 4.2. By 
summation of all the elements in the cross-section, values of 
axial load and major and minor axis bending moments are obtained. 
Hence:
p, = Z a. . A. . 4.3a1 ij
M 1 » z a. . A. . U. . 4.3by 1 ij ij ij
M , zl - E a. . A. . V. . 4.3cij ij ij
where A „  is the area of Che element, and summation is taken over 
all the elements.
The values P_, M ,M obtained from Eqn. 4.3 will in general 1 y-1 z 1
not be in agreement with the actual values P . M and M . Aa ya za
Newton—Raphson procedure is thus used to give better re-estimates of 
e, $ and 6 .
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The non-linear relationships connecting the axial force and 
monents with curvatures and strains can be expressed as
P = fj (e, <j>, 6) 4.4a
M
^2 ( e>
f 3 ( e, 6,  e)
4.4b
4.4c
By expanding Eqn. 4.4 in a Taylor series about the assumed values 
of Eqn. 4.3 and retaining only linear terms.
_ 3P • 6e + 3P * 5ij) + 3P * 6 9
a = *1 + 3e 3t*> 30 4.5a
ya M + 3M S e + 3M 66 + 3M 60 yl y . y. y .
M
3e
M + z zi
30
. . 3M . 3M6e + __z.6<j) + __z
4.5b
69 4.5c
3e 36 39
By incrementing e, 6 and 9 successively by small amounts
6e, A<J> and 69 respectively further values of P^, M  ^ and
M . (i = 2, 3, 4) are obtained, zi
Thus the differential coefficients of Eqn. 4.5 are given by
3P P2 ' P 1 : 3P P3 ~ Pi : 3P pi* “ P l *
de Ae 36 66 30 60
3Mz M , M , = y2 - yl 9 3M M , - M ,y = y 3 yi 3M M ,; y = y** - Myl .
3e Ae 3$ A<J> 30 60
3Mz M „ - M , “ z2 zl 9 3M M , - M , z = z3 zl 3M M ,: z = z*t “ M . zi ;
3e Ae d(p A<P 30 69
Suffix 2 refers to incrementing e to e + 6e and repeating
Eqns. 4.2 and 4.3 with (¡> and 0 retaining their original values. 
Suffices 3 and 4 refer to a similar procedure on 6 and 9 
respectively.
The non-linear equations of Eqn. 4.4 have thus been reduced
to a set of linear simultaneous equations with umknowns 6e, 6 $  
and 59.
Solution of these equations gives the new values of axial strain and 
curvature.
These are e. = e + 5e 4.7a
4.7b 
4.7c
These values are now used to obtain new values of P, M and M
y i z i
M , the Newton-Raphson procedure is repeated until satisfactory
7.3k
e l - 6
♦l = 4 + 5$
6 1 - 8
+ 69
the value of 9 is zero and only two increments (on e and ({>) 
are required. Hence the last terms of Eqns. 4.5a and 4.5b and the 
whole of Eqn. 4.5c are omitted, and values of 6e and 5<{i are 
obtained from Eqns. 4.5a and 4.5b.
The moment curvature procedure can be explained in geometrical 
terms by reference to Fig. 4.3. Here it is assumed that the axial 
load and minor axis moment are zero for simplicity. The value of 
Ma is known from the stiffness analysis and convergence onto ifp^ 
is required. An assumed value of curvature, <J> , is introduced and 
Eqn. 4.3 will give point A on the curve, and thus a corresponding 
moment M . The Newton-Raphson procedure, by adopting a small change 
in 4^, (A<J>^ in Eqn. 4.6) will predict
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an increase of 6<j>^ to Geometrically, this is the construction
of the tangent to the curve at A which intersects the Ma line
CFG) at B. If a very small change in $ (A-^) had been adopted
convergence problems can occur due to round off errors in the
computer analysis. The resultant value of momenc could be exactly
equal to M , and the Newton-Raphson procedure would thus try to
construct a tangent which is horizontal to the $ axis and which
would never intersect the M - c) curve. To prevent this occurring,
the curvature is always incremented by a fixed amount of the
assumed value A • In the present analysis, a value of A,/50 is 1 1
used as the increment and has been found to be satisfactory. The 
incrementing procedure is now repeated until the value of moment 
obtained from Eqn. 4.3 is within a certain specified tolerance of 
the actual moment, Ma> If too tight a tolerance has been adopted 
here, excessive computer time would be required, without improving 
the accuracy of the solution. A value of 17, has been used in the 
analysis, and convergence generally occurs within three cycles of 
the Newton-Raphson procedure.
A further convergence problem can occur by specifying too few 
elements in the web of a member subject predominantly to major axis 
bending moment together with a small amount of axial load. Each 
element is assumed to have a uniform stress acting over it, and 
is given by the value at its centroid. In such a case, the section 
may be strained such that each element has a value of stress at the 
yield value (± Fy) in Fig. 4.2. By applying Eqn. 4.3, this will 
give a zero value for P. Increasing the number of elements in the
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the Newton-Raphson procedure.
A further convergence problem can occur by specifying too few 
elements in the web of a member subject predominantly to major axis 
bending moment together with a small amount of axial load. Each 
element is assumed to have a uniform stress acting over it, and 
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may be strained such that each element has a value of stress at the 
yield value (± Fy) in Fig. 4.2. By applying Eqn. 4.3, this will 
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T z r w x
*' v V
• *•
web, however, will ensure that the elements closest to the elastic 
centroid are no longer yielded and hence that the summed value of 
P is no longer zero. A suitable subdivision of the web is 8 elements 
in the z-direction and 4 elements in the y-direction of Fig. 4.1.
Santathadaporn and Chen75 using the Galambos72 pattern of 
residual stresses have given minor axis moment-curvature curves 
for an 8” x 8" x 31 lb/ft steel section with various non-dimension- 
alised values of axial load and major axis bending moment. These 
curves are plotted in Fig. 4.4 together with the results using the 
Newton-Raph3on method. This analysis uses the tolerances and 
web subdivision previously given together with 8 elements in the 
y-direction and 4 elements in the z-direction for the flanges.
The average value of residual stress using Galambos's residual 
stress pattern is found for each element and is assumed to act 
uniformly over it. Agreement between the two curves is found to 
be excellent.
4.3 Calculation of the St. Venant torsional rigidity of partially
yielded I-sections.
Early investigations into inelastic flexural-torsional buckling 
of rectangular beams under uniform moment were made by Neal76.
He showed that according to the incremental theory of plasticity, 
the shear modulus of the yielded material remained constant and 
thus concluded that the torsional rigidity should stay at its 
elastic value. His subsequent experimental tests on annealed 
rectangular beams appeared to confirm this. Haaijer77, however, 
found that the shear modulus of the yielded material of strain
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hardened places decreased rapidly with small shear strains. 
Massey78 also found that the torsional rigidity of an I-beam 
reduced to about 40% of the fully elastic value when the flanges 
became fully plastic. He concluded that the shear modulus in 
the yielded region was approximately given by
4.8—  1 + SH
C 4(1 + /)
where G is the reduced shear moduluss
G is the elastic shear modulus
SH is the strain hardening modulus (Fig. 4.2)
J  is Poisson's ratio.
This value was in reasonable agreement with Haaijer's 
experiments, and was assumed to remain constant during further 
straining. Any partially yielded section, therefore, can be 
thought of as being effectively composed of two different 
materials, and the torsional rigidity can be determined by 
forming and solving the equations which govern the St. Venant 
torsion of such sections. Using this direct approach, Ely and 
Zienkiewicz79 presented a numerical solution, whilst a more 
recent analytical solution is due to Booker and Kitipornchai80»81. 
The latter method results in simple algebraic expressions for the 
case of a rectangular cross-section composed of two parallel 
layers, each a different material. The method of Booker and 
Kitipornchai is extended here to give simple expressions for the 
torsional rigidity of I-sections in which the yielded region does 
not form a parallel layer. The validity of these expressions can
\
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be examined using the method of Ely and Zienkiewicz.
The equations governing St. Venant torsion can be written in 
terms of Prandtl's stress function, a for the composite section 
of Fig. 4.5.
3£a
3xz
1 +
3za,
3‘aX
3y2
32a,
2 Gj X
- 2G2 *
4.9a
4.9b3x2 3y2
where a is the stress function
X is the twist per unit length of the member 
Suffices 1 and 2 refer to the different materials of the two layers. 
Along the internal boundary, , the shear stresses normal to the 
boundary must be the same in each region. Hence
“ j -  “2 4.10
Also on the external boundary, the lateral surface of the 
member is assumed to be free from external forces
a = 0 4.11
The axial displacement on must also be the same in each
region giving
1_ • 3a. „ i_ 3a,
Gi 3ÏT G2 a T
4.12
n being the direction of the normal to C2
The torque acting on the cross-section, T, is given by:
I I - dx dy 4.13
The torsional rigidity, GJ, can then be found from:
GJ =* T/X 4.14
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Standard finite difference techniques are used to solve Eqns.
A.9 - A.12 and give the corresponding variation of the stress 
function over the section. A volume integration using Eqn. A.13 
will give the required torsional rigidity.
However, this numerical approach is not suitable for the
determination of GJ in computer analyses of beam-column as it 
requires the solution of a large set of simultaneous equations
and correspondingly large amounts of machine time and storage space.
Booker and Kitipornchai80*81 have given simple analytical 
expressions for the effective shear modulus of a rectangular section 
composed of two layers (see Fig. A.6). The boundary between the two 
layers is taken as parallel to the sides of length d.
Then for d/b >> 1, the effective shear modulus, G , ise
given by
A(G2 (1 -  g ) 3 + C i 6 3) -  3(G 2 (1  -  g > 2 -  Gt g2 ) 2 4 ,1 5
(G2 (1 -6 )  + Gt 8)
This expression hold3 exactly for d/b » =>.
For d/b << 1, the effective shear modulus is given approximately
by
Ge “ g2 + B (Gi " G2> A.16
This expression is exact for d/b = 0.
The effective torsional rigidity can be obtained by multiplying 
the usual torsion constant, J, by the effective shear modulus 
obtained from Eqn. A.15 or Eqn. A.16.
If region 2 represents the elastic part and region 1 is the 
yielded region, then C2 will be the elastic shear modulus and Gj
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will be given by Eqn. 4.8. When steel beam-columns are subjected to 
biaxial bending, the yielded regions will not necessarily extend across 
the full depth or width of a flange or web. For example, Fig. 4.7 
shows part of a rectangular flange in which the yielded region lie3 
above the inclined boundary AB. In such cases, the boundary does not 
follow tha pattern assumed by Booker and Kitipornchai. However it will 
be shown that the expressions of Eqns. 4.15 and 4.16 can still be used 
to determine the effective shear modulus of a partially yielded 
rectangular flange or web element with reasonable accuracy. The yielded 
portion of the cross-section can be obtained from the previously 
described moment-curvature procedure. Hence when the flange of Fig.
4.7 is split into the rectangular elements shown, the boundary between 
the elastic and inelastic regions being along CDEFH.
The lack of fit between the continuous and the stepped boundaries 
can be reduced to any desired degree of accuracy by increasing the 
number of elements used in the cross-section. In order to investigate 
the application of Eqns. 4.15 and 4.16 to such situations, the two 
yield patterns shown in Fig. 4.8 are considered. For convenience the 
rectangular cross-section being studied will be referred to as a 
flange. However the same procedures can be applied to webs also.
4.3.1 Application of Booker and Kitipornchai's formulae.
For the simpler pattern of Fig. 4.8a, the region ABCD is first 
considered in isolation from the remainder of the flange. In order 
to apply the correct expressions to this region (Eqn. 4.15 or 4.16), 
it is necessary to consider the breadth/ depth for ABCD. The minimum 
value of 8b will be the width of one element from the cross-section
.\ V \
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and is thus governed by the pattern of elements adopted in the 
moment-curvature analysis since an element is assumed to be fully 
yielded when the average stress on it is at the yield value. Unless 
the total stress at any point is due predominantly to minor axis 
curvature, the number of elements across the breadth of a flange 
can be small. As the flange breadth/thickne3s ratio for I-saction3 
is large (usually > 10), elements will tend to have high width/ 
depth ratios and Sb will always be greater than d. If however, 
it is found desirable to use many elements across the breadth 
of the flange, then the minimum value of Sb could be less than 
d. However, as b/d is usually greater than 10, the plastic 
region of width Sb will, in such cases, be small in relation to 
the entire flange which could be assumed to be still completely 
elastic without undue error.
It is therefore concluded that d < Sb and Eqn. 4.15 can
be used to obtain the effective shear modulus, G' for ABCD.
This calculation ignores the connection between ABCD and the
remainder of the flange. To obtain a value of the effective shear 
modulus, G^, for the entire flange, Eqn. 4.16 is now applied
G = G, + S(G’ - G )e 2 2 4.17
The torsional rigidity is thus obtained by multiplying the above 
equation by the usual torsion constant, and a factor k which 
is dependent on the ratio b/d80.
GJ = G k bd3 e
This procedure has been followed for the case where b = 10,
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1, C. 0.1 and C, 1.0; various values of a and B
t : '
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give the results for GJ shown in the third column of Table 4.1.
For the yield pattern in Fig. 4.8b, Eqn. 4.15 is applied 
to regions ABCD and BFHC to obtain effective shear moduli G 1 and 
G 11 respectively. The entire flange can now be regarded as a three­
layered section and Eqn. 4.16 may be extended to give
Ge - (1 - B - y) G + BG1 + yG11 4.19
with b = 10, d = 1, Gj = 0.1, G2 = 1.0 and 6 =0.2, the 
resulting values of GJ corresponding to various values of 
a , B and y are given in the fourth column of Table 4.2.
4.3.2 The finite difference method.
To apply the methods of Eqns. 4.9 - 4.14 to cover the partially 
yielded cross-section, an imaginary square me3h of length a is 
used (Fig. 4.9). At each mesh point within the region ABCD, the 
finite difference form of Eqn. 4.9a is set up, using Eqn. 4.11 
to satisfy the conditions on the external boundary. A similar 
procedure is adopted in the region with modulus G^.
The treatment of intermediate points along the internal
boundaries BD and CD, such as mesh points 5 and 7 is also
straightfoward; however the procedure for point 5 will be outlined
in view of the difficulties described below that arise at the
corner point 8. On the internal boundary, Eqns. 4.9a and 4.9b
both apply. Considering just Eqn. 4.9a, the finite difference
approximation for 32a1/3x2 at point 5  is (“61 “ 2a51 + a^J/a2
where a. is the value of the stress function at point i in 11
region 1. However, point 6 is within the region governed by the
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stress function a. , and thus a,, is an imaginary value which 12
must be expressed in terms of real values of a. and a. . Thi
U  12
can be achieved by applying Eqn. 4.12 to point 5, which give3
n — ot — a 61 41 62 42 4.20
G1 °2
A further imaginary value, a42, is introduced by Eqn. 4.20 but 
this can be eliminated by applying Eqn. 4.9b to point 5, and 
noting that agl = a
Ely and Zienkiewicz79 only examined cross-sections in
which the internal boundary, C2, (Fig. 4.5) was continuous, whereas 
in the problem assuming a stepped boundary, discontinuities occur
at "corner" points, such as 8 in Fig. 4.9. This creates difficulties 
in applying the compatibility condition (Eqn. 4.12) and the 
stress condition (Eqn. 4.11) since they both require the specification 
of a direction which is normal to the internal boundary. To 
overcome this problem, it is assumed that in the region of a corner 
mesh point, the vertical and horizontal internal boundaries are 
connected by a circular boundary of very small radius. At such a 
point, the normal to the boundary can therefore be regarded as 
inclined at an angle of 45° to the x-axis (Fig. 4.9) and Eqn. 4.12 
gives
a !21  ~ ° 4 l  = ° 1 2 2  ~ a *2
Gx G2 4 *21
However, if Eqn. 4.9a is formulated in the x-y system of axes
at the corner point, the resulting imaginary values ctg ^ and cannot
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be expressed in terms of other real variables by this boundary 
condition. Eqns. 4.9a and 4.9b are therefore transformed into 
the co-ordinate system, X1 - Y1, of Fig. 4.9. It can be shown 
that the form of these equations remains unchanged with X1 and Y1
replacing X and Y. Application of the finite difference
2 2
expressions for 32a/(3x1) and 32a/(3y1) now introduces 
imaginary values aj2i» “ioi* a61 an<* a<*2 " Thus four equations 
are needed to eliminate these values. These are Eqn. 4.21, Eqn. 4.9b 
in the X 1 - Y 1 system and Eqn. 4.12 applied at points 5 and 7.
The finite difference equations were formulated for a unit 
rotation, X, and the corresponding simultaneous equations were 
solved using a banded matrix routine. The value of GJ was then 
found using volume integration of the stress function and applying 
Eqns. 4.13 and 4.14. The results obtained for the two yield patterns 
of Fig. 4.6 are shown in Tables '4.1 and 4.2 using both 5 * 50 
and 10 x 100 meshes. In the final column of each table, the 
differences between the finite difference results (using the 
10 x 100 mesh) and the values given by the combination of Eqns. 4.15 
and 4.16 are expressed as percentages of the former.
4.3.3 Discussion of results.
The results given for the two mesh sizes are found to be in very 
close agreement, and it is therefore concluded that the results for 
the 10 x 100 mesh are close approximations to the true values.
When comparison is made in both tables between the results for the 
10 x 100 mesh and those given by Eqns. 4.15 and 4.16, it is seen 
that in general there is good agreement. The varying differences
.K .~  • •_'i
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between the two sets of figures are due to the assumptions which 
have been made in the derivation of these equations (Eqns. 4.15 
and 4.16).
Consider the U3e of Eqn. 4.15 to determine the effective shear
modulus of region A3CD in Fig. 4.8a. For this equation to hold
exactly, the ratio Bb/d should be infinite. For the flange
considered herein, this value varies from 2 to 8, and thus as
0 increases, decreasing errors between the two sets of values
would be expected. However, this is not the case for the results
of Table 4.1, and the reason can be found by considering Eqn. 4.16.
This expression used to calculate the effective shear modulus of
the complete flange from the values of G1 and C2, and holds
exactly when d/b = 0. For the fixed value of d/b (0#1) used
herein, Fig. 4 of Ref. 80 shows that the error introduced by Eqn.
4.16 increases with 0 up to a value of 0 = 0.9 approximately.
This characteristic is shown by the results of Table 4.1. The
tendency for the errors due to Eqn. 4.16 to control the results
is assisted by the fact that when 0 is small, the effects of
errors in the value of G 1 due to Eqn. 4.15 will exercise a
small influence only on the effective shear modulus for the complete
flange. Booker and Kitipornchai also show that the errors due to
the application of Eqn. 4.16 increase with the ratio G /G1. This
characteristic is also shown in Table 4.1; as the ratio a increases,
G1 falls relative to G^ due to the increasing amount of material
with the lower modulus Gj contributing to the value of G1, and it
can be seen th3t for a fixed value of 0 ,the difference in the1
t
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results given by the two methods increases with a. Finally, it 
is interesting to note that the greatest error arises in the case 
of a = 1 when the flange is a simple two layered section and 
G is obtained by the application of Eqn. 4.16 only. The assumptions 
made in the derivation of Eqns. 4.15 and 4.16 can also be used to 
explain the varying differences between the values in Table 4.2 
for the yield pattern of Fig. 4.8b.
In assessing the accuracy of Eqns. 4.15 and 4.16 for use in 
determining the effective torsional rigidity, it should be noted 
that the values of Table 4.1 and 4.2 are for one rectangular 
component of an I-section, such as a flange or a web. In many 
cases, only one such rectangular component will be partially 
yielded, and therefore the error in the reduced value of GJ for 
the entire cross-section will usually be considerably less than 
the values given in the tables.
4.4 Derivation of reduced flexural and warping rigidities and the
cross-product of inertia.
The extent of plasticity within a partially yielded cross- 
section for a particular combination of axial load and bending 
moments can be found by using the moment-curvature procedure of 
Eqns. 4.1 - 4.7. This partially yielded section can then be used 
to estimate the reduced rigidity terms to be used in the stiffness 
analysis.
Previous researchers have made differing assumptions in order 
to calculate these reduced values. Several assumed that the 
warping and torsional rigidities are based on the elastic core of
Che cross-section, and thus the yielded regions have zero rigidity. 
This so called tangent modulus approach uses the instantaneous 
value of Young's modulus (zero in the plastic range) and is 
suitable for analyses which attempt to calculate the bifurcation 
point for lateral stability.
A more progressive allowance for the reduction in rigidity 
has been used by Hutchings21. He analysed restrained columns under 
increasing loads and used the secant modulus to obtain torsional 
and warping rigidities. As the material becomes strained in the 
plastic region, the secant approach assumes that the effective 
steel modulus progressively reduces, and is given by the ratio of 
the actual stress to the strain.
Most grades of steel, however, exhibit quite marked strain 
hardening behaviour at relatively low strains. The tangent modulus 
approach of assuming zero rigidity in such will thus underestimate 
the rigidity of a section. A secant approach has therefore been 
used in the present analysis to calculate the partially plastic 
flexural and warping rigidities and cross-product of inertia. The 
main justification for this assumption is given by the method of 
analysis used; the total load (rather than a small increment) being 
applied for each iteration of the computer analysis.
4.4.1 Calculation of reduced flexural rigidities and cross-product 
of inertia using a secant modulus approach.
In order to calculate these reduced rigidity terms, the 
co-ordinates of the centroid of the transformed section82 must be 
initially estimated.
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With reference to Fig. 4.10, if element dA is fully 
yielded, a distance p from the neutral axis, then assuming plane 
sections remain plane, the strain is given by:
e - p/r 4.22
where r is the radius of curvature.
On element dA, assuming the secant modulus is Eg (Fig. 4.11), 
the stress a is :
o  - Eg p/r 4.23
assuming that the element is subject to pure bending moments 
only, the resultant direct load on any section must be zero
o d A - 0 4.24
' A
substituting for a from Eqn. 4.23, gives:
f E p/r dA =■ 0 4.25a
' A  ®
For an element of a given material subject to given bending moment 
this equation becomes
E p dA = 0 4.25b
>A 8
The modular ratio m, is given by: m = E/Eg 4.26a
The effective area, d Ag, of the element is similarly defined as
d A = dA/m = E dA/E 4.26be s
Substituting for Eg into Eqn. 4.25b
| E-p’ d Afi - 0 4.27a
Ae
Since E is constant
[ p d A - 0 
■*Ae
4.27b
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Thus the neutral axis passes through the centroid of the transformed 
cross-section.
The moment curvature procedure gives values of major and minor 
axis curvatures and axial strain corresponding to particular 
combinations of bending moments and axial load. These convergent 
values of curvatures and axial strain are then used to obtain 
values of strain, e£j» acting on each individual element by use 
of Eqn. 4.2. By reference to Fig. 4.11, the secant modulus i3 
obtained from the following:
For e. . < 
i j  1
E »
y
Es *= E
e. .! < 
i j  1 eSH Es ** e
1 e.. |i j 1
> eSH E = s £y . E + E_ ^  " eSH * 4.28c
where E_ is the secant modulus, s
Ey* eSH are tbe yield and ^rain hardening strains respectively. 
If Uj and Vj are the co-ordinates of the centroid of the 
transformed area,
U 1 “ 1 Es Aij Uij/EA * ‘29a
vi ‘ E Es Aij Vij/EA A -29b
The summation being taken over all the elements, A being the area 
of the complete transformed section and A^j is the area of element
When E = E for all the elements, u and v will be zero, s 1 1
After locating the co-ordinates of the centroid of the transformed
1 W v * ' • < * .
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area, the reduced second moments of area and cross-product of 
inertia are given by:
X = E *z2 dA
yy J _ s _______
E
I = IE *y2dA 
E
I = E *y*z*dAyz | s 1_____
E
A. 30a 
4.30b 
4.30c
These equations are converted from an integral type to a standard 
form suitable for summation using the segmented section of Fig. 4.1. 
Eqns. 4.30a - 4.30c thus become:
\ y  " E Es Aij<Uij " U i)2/E 4.30d
I = E E A..(V.. - v ,)2/EZZ 8 1]' 1] 1
ryz “ E Es Aij <Uij - “ l)(Vij - - S ' *
4.30e 
4.30f
The polar moment of inertia, 1^, is given by the sum of Eqns. 4.30d 
and 4.30 e.
Io I + Iyy zz 4.30g
4.4.2 Calculation of the reduced warping rigidity.
Any partially yielded steel section subject to non-uniform torsion will 
warp and twist about a longitudinal axis, the position of which 
varies with respect to the resulting geometric centroid of the 
cross-section along the length of the beam. In the general case, this 
variation will depend on three factors.
1. The amount of yielding due to the applied moments and axial 
load.
2. Secondary yielding due to warping and torsional stresses.
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3. Elastic unloading in the cross-section.
Birnstiel and Michalos29 examined the effects of these stresses 
using an incremental method of analysis. The section they studied was a 
12WF79 column loaded in simple curvature about both axes by an eccentric 
axial load, split into four element lengths.
They assumed that the rotation of each element occurred about an 
average centre of twist, which was obtained from the condition that the 
resulting warping strains due to yielding do not produce any net axial 
load or bending moments about any axis in the cro3s-section. For the 
section investigated, they found that the corresponding shifts of the 
centre of twist at the ultimate load were respectively 3 Z and 7}% of 
the total depth in the y and z directions of Fig. 4.1.
An approximation to the above is to assume that the shift of the 
shear centre in the 'y' direction is zero in order to calculate the warpin,; 
rigidity. This assumption will be conservative, since the warping 
rigidity will rapidly tend to zero as the centre of twist moves towards 
a flange-web junction.
Consequently, in order to calculate the reduced warping rigidity, 
due to partial plasticity, it is assumed that the centre of twist 
moves only in the 'z' direction of Fig. 4.1. For this purpose, 
therefore, the section is effectively monosyrametric.
Anderson and Trahair83 have shown that the distance, y^, of 
the shear centre below the midpoint of the web is given by
^o » (EIz)BF_______  - 0.5 4.31
‘ h (eV tf + <e i»>bf
where h is the distance between flange centroids.
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4. The onset of unsymmetrical yielding causes the principal 
axes of the cross-section to change. The analysis for unsymmetrical 
bending developed in Chapter 3 is thus used, which includes the 
non-zero cross-product of inertia terms.
4.6 Overall elastic-plastic analysis procedure.
The elastic-plastic method of analysis which combines the 
overall stiffness matrix of Chapter 3 together with the moment 
curvature procedure of the present chapter will now be described.
The analysis procedure is shown in the flow diagram of Fig. 4.12.
It begins by carrying out a linear elastic analysis of the frame 
at working load. From the results, a prediction is made of the load 
factor, Xj, , at which first yield will occur in the frame. It should 
be noted that it is assumed that a member begins yielding when the 
maximum stress at the mid-point of a member's length reaches the 
yield stress. Thus, regions of the frame in which high stresses 
are expected will normally be split into elements of smaller length 
than the regions which will remain elastic. The axial loads and bending 
moments at X^, are estimated by multiplying the values at working 
load by the load factor. An analysis is then made at this load 
level, the change in the frame stiffness due to the estimated forces 
now being considered. Further cycles of prediction and analysis follow.
If X2 and Xj are the predicted load factors at two successive
iterations (Xj being the most recent prediction) and if the
corresponding maximum stresses at the midpoint of the most highly
stressed member are a and o., then the predicted load factor2 1
for the next iteration is given by:
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Further cycles of analysis follow at constant load level, each 
analysis using the axial loads and effective rigidities just 
calculated. The iteration procedure is terminated when all the 
deflections obtained from two successive analyses are within a 
small tolerance. The condition used ha3 a similar form to Eqn. 
4.36, the tolerance used being 0.05.
The load factor is successively incremented, analyses being 
obtained at each load level. The facility exists in the program 
to reduce the increments of load factor as the expected collapse 
load is approached, the increments being specified by the user. 
Collapse of the frame occurs when the determinant of the stiffness 
matrix becomes non-positive.
4.7 Examples using the program.
Several examples of columns and complete frames for which 
load-deflection plots and ultimate loads have been obtained by 
previous research workers will now be given. The accuracy of the 
present elastic-plastic computer program in predicting frame and 
member behaviour will be examined with respect to the various 
assumptions used in forming the analysis. The wide variety of 
examples examined is an indication of the versatility of the 
method. A summary of the failure loads of the various columns 
and frames analysed is given in Table 4.3, together with the main 
assumptions made in the present computer analysis.
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1. Uniaxial pin-ended column.
Van-Kuren and Calatcbos81* have tested experimentally a 
large series of pin-ended columns subject to various combinations 
of axial load and major axis bending moment. The column analysec 
herein is designated T13 and has a loading path of fixed axial 
load (P/Py ” 0 .12) whilst the bending moment is increased to 
collapse. The column is effectively constrained to cause failure 
about the major axis due to the development of excessive plasticity, 
with the bending moment applied atone end only.
The corresponding moment versus end-rotation curve is given in 
Fig. 4.13. It can be seen from the curve that strain hardening 
appears to influence the ultimate load since the collapse failure 
moment is greater than the fully plastic value even in the presence 
of axial load. Although Van Kuren and Galambos do not give values 
for the stress-strain properties of the steel, typical values of 
PLAT = 10 and SH = 50 (see Fig. 4.2) have been used in the 
analysis.
The column is split into 20 elements of equal length, and 
two separate analyses with and without residual stresses have been 
performed. The residual stress pattern used is the one suggested 
by Galambos72 after many tests on American hot-rolled sections.
The computer analyses give failure moments of 1140 Kip-in 
(with residual stresses) and 1249 kip-in (without residual stresses). 
These values are in good agreement with the experimental failure 
moment of 1258 kip-in. It appears from Fig. 4.13 that greater 
strain hardening behaviour was present in the actual tested column
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than was actually allowed for in the analysis. At values o f  
M/Mp * 0.95 and above, the end-rotation predicted by the computer 
analysis begin to increase at a faster rate than the experimental 
curve.
2. Uniaxial column curvature curves.
Chen and Atsuta60 have presented column curvature curves f o r  
both I-section and rectangular pin-ended columns. They solve the 
governing differential equations for major axis bending by assuming 
approximate moment-curvature relationships in the three regions o f  
elasticity, primary plasticity and secondary plasticity. The 
columns analysed here are subject to eccentric axial load which 
causes unequal major axis bending moments at each end. The members 
again fail due to excessive plasticity, the extent of plasticity 
at failure (either primary or secondary) being dependent on the 
ratio of end-moments.
Axial stress versus maximum non-dimensicnalised curvature 
curves together with loading and parameter details are given in 
Figs. 4.14 and 4.15. For the I-section member, two values of 
a(l and 10) have been plotted. The former case gives rise to failure 
when primary plasticity only has developed, whilst the second 
case has developed secondary plasticity also at collapse.
In the present computer analysis, each column is split into 
20 elements. The maximum curvature will occur near to end A, 
and thus element lengths of 12 ins. have been used in this expected 
region of high curvature, with larger values elsewhere. The 
maximum curvature values are obtained at various axial load levels
for the most highly stressed member element from the moment- 
curvature procedure. The curvature values are then non-dimension- 
alised with respect.to the yield curvature. The moment-curvature 
procedure has been specifically written for use with I-section 
shapes in the present analysis. However it can be simply adapted 
to study rectangular sections by setting the areas and lever arms 
of the sections of the flanges to zero. A corresponding axial 
stress versus maximum curvature curve for a rectangular section is 
given in Fig. 4.14. Out of plane behaviour has been prevented in 
all these analyses by restraining the minor axis, torsional and 
warping displacements at each joint. The sections are also assumed 
to be free from residual stresses and initial imperfections.
Agreement between the corresponding curves of Chen and the present 
analysis is found to be excellent.
3. Laterally restrained columns under uniaxially applied bending 
moment.
Ajmani61 has tested a series of pin-ended columns subject to 
major axis bending moment and axial load.- The columns are 
laterally restrained on one flange at various positions along 
its length to compensate for the effects of sheeting rails in 
framed buildings. TVo columns are analysed herein, with lateral 
restraints being included in the stiffness matrix at the corresponding 
restraint points.
The first column analysed is subject to moment at one end 
only and has been investigated previously using the uniaxial analysis 
of Chapter 2, where no allowance was made for 'the beneficial effects
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of strain hardening. End moment-rotation curves for the experimental 
test and the two analyses are given in Fig. A. 16. In the present 
analysis, the column has been split into 2A elements of equal length.
The effect of including strain hardening in the analysis (PLAT = 11,
SH = 56 in Fig. A.2) is to increase the failure moment ratio,
M/Mp, from 0.9A in the analysis method of Chapter 2 to 1.09 
in the present analysis. This value, however, is still somewhat 
below the experimental failure load of 1.30. This experimental failure 
moment ratio is approximately 37% above the rigid plastic failure 
load. It is thought that this large increase in failure load is 
probably not solely attributable to strain hardening effects. In 
practice, it is usually very difficult to reproduce perfect pin-ended 
conditions. For instance, the loading yoke used by Ajmani probably 
provided additional restraint to the column at its ends, and hence 
would have enhanced the failure load. Harstead30 has shown 
theoretically that the effect of restraining warping at the ends of 
a pin-ended column subject to single curvature bending about both axes 
is to increase the ultimate load by 12% compared to the unrestrained 
case. Hence it is anticipated that the experimental results should 
give higher ultimate loads than the theoretical values .Moment- 
rotation agreement between the curves is found to be good up to the 
onset of failure in the theoretical analysis.
The second example analysed is a column bent in double curvature. 
The column is again split into 2A elements and analysed separately 
with and without residual stresses. The analysis neglecting residual 
stresses gives excellent ultimate load agreement with the experimental
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value. However the corresponding moment-rotation curves do not 
show the same agreement. The experimental curves showed a marked 
deviation from linearity at relatively small values of moment ratio 
= 0.4) for which yielding would not be expected. Consequently 
a second analysis which included the effects of residual stresses 
was performed. The effect of these stresses is to cause early 
yielding, and thus to reduce the ultimate load. The pattern of 
residual stresses adopted in the analysis is the one proposed by 
Young, and the corresponding moment-rotation curves are plotted in 
Fig. 4.17. The curve for this analysis gives better moment-rotation 
agreement with the experimental curve. However the failure moment is 
now reduced by about 7%.
4. Uniaxial frame analysis neglecting strain hardening.
The previous examples have been concerned with individual members 
loaded with axial load and various combinations of major axis end 
bending moments such that failure occurred in the plane of loading.
The program is now used to predict the ultimate behaviour of a plane 
frame constrained from any out-of-plane movement.
Wood8 with the aid of a differential analyser presented a 
theoretical analysis of a four-storey, single bay frame loaded to 
collapse (see Fig. 4.18) . The frame was loaded by both vertical and 
horizontal point loads, and was designed to demonstrate the effects 
of instability on the value of the collapse load. The stanchions 
were designed by Wood to fail ultimately at a load factor of 2.00 
(based on consideration of torsional instability), the ideal plastic
r  i
mechanism occurring at a load factor of 2.15.
Wood's analysis showed that first yield occurred at a load 
factor, X, of 1.51 at the centre of the third storey beam. This 
hardly altered the rotational stiffness of the frame, and thus Wood 
continued using elastic analysis up to a load factor of 1.70.
Beyond this stage however, considerable yielding had occurred elsewhere 
in the structure, and allowance for partially plastic zones was 
subsequently made in the analysis. At a load factor of 1.90, 
deflections began to increase rapidly and collapse was assumed to 
have occurred. Hence the combined effects of partial plasticity 
and frame instability cause a reduction in the ideal plastic collapse 
load. At collapse, only four complete hinges had formed out of a 
possible ten. At this load factor also, no elastic unloading or 
strain hardening had occurred.
For the computer analysis, the frame is split into 56 members, 
and in the vicinity of fully plastic or partially plastic regions, 
member lengths of 3 ins. are used. The estimated first yield load 
factor is 1.56, which is slightly higher than Wood's value of 1.51. 
This is probably due to finding the average value of stress in a 
member based on the values of axial loading at its two ends. Strain 
hardening has been neglected in the analysis by arbitarily setting 
the length of the plateau region (PLAT of Fig. 4.2) to a value of 
1000. The load factor is subsequently increased in increments to a 
value of 1.90 at which stage the determinant of the stiffness matrix 
becomes negative and collapse is thus assumed to have occurred.
Load-deflection plots for each storey and the bending moments
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in the frame at a load factor of 1.90 are given in Figs. 4.19 
and 4.18. The values of deflections given by the present analysis are 
generally greater than the corresponding values given by Wood once 
significant yielding is present in the frame. This is probably 
due to the idealisation of the section into three rectangles based 
on its average dimensions for inclusion in the moment-curvature 
procedure. This assumption generally underestimates the stiffness 
of the section by about 1%. Consequently the deflections given 
by the present analysis would be expected to be greater than Wood's 
values. Indeed, this discrepancy would be expected to increase from 
the bottom storey to the top storey since yielded zones in the lower 
part of the structure will be overestimated and give correspondingly 
higher deflections elsewhere. Cenerally, however, agreement between 
the two sets of results is thought to be good.
5. Uniaxial analysis of a portal frame including strain-hardening effects.
Charlton85 has tested a series of pitched roof portals subject 
to vertical loading (Fig. 4.20). Two frames, designated 10X and 
10Y were tested side-by-side connected together by suitable purlins 
and sheeting rails. The example is a test of the present method's 
ability to deal with plane frames which exhibit considerable strain­
hardening behaviour.
The frame and loading details are given in Fig. 4.20 together 
with the load-deflection curve of the apex. The maximum total load 
applied to each frame was 10.75 tons at which stage the loading 
plastforms grounded. The resulting collapse mode was symmetrical, 
with six plastic hinges forming at the points shown in Fig. 4.20.
In the absence of strain-hardening, elastic-plaitic failure was 
predicted at a load of 7.8 tons, with only three plastic hinges 
in the structure. Strain hardening is therefore responsible for 
a theoretical increase of 33.4% in the failure load. Davies1*0 
has subsequently analysed this frame allowing for strain-hardening, 
and giving a theoretical failure load of 10.4 tons for each frame.
The present analysis segments the frame into 24 small members.
At the expected hinge positions, small member lengths of 3 ins. 
have been used to obtain accurate assessments of reduced stiffnesses 
once yielding has commenced. The length of the plateau region 
(PLAT of Fig. 4.2) used by Davies was 5.2. However, he does not 
give details of the gradient of the stress-strain curve in the strain 
hardening region (defined by SH in Fig. 4.2). Ajmani61 in a later 
series of tests on a similar section found this coefficient from 
coupon tests to be approximately 56. This value of SH has therefore 
been assumed in the present analysis. The load-deflection plot for 
the computer analysis is given in Fig. 4.20 also. The collapse load 
of 10.44 tons compares well with both Davies' theoretical results 
and the experimental failure load of 10.75 tons.
It should be noted however that no allowance for residual stresses 
or initial imperfections has been made in this analysis.
6 . Biaxial bending of an unrestrained pin-ended column.
Harstead, Birnstiel and Leu30 have presented theoretical analyses 
for pin-ended columns loaded with eccentric axial load which causes 
single curvature bending about both axes. They use this analysis to 
investigate the effects of warping restraint and residual stresses
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on the ultimate load of the section, assuming that the section is 
free of initial imperfections, and possesses an ela3tic-perfectly- 
plastic stress-strain relationship. Gent85 has subsequently analysed 
one of Birnstiel's columns using his more general column analysis 
which allowed for elastic end restraint. The column, designated 
No. 4 by Birnstiel was free of residual stress and restrained from 
warping at its ends, and has been analysed also using the present 
computer analysis.
The column is split into 22 elements of equal length (10 in3 .) 
and is analysed under various values of axial load. Corresponding 
plots of mid-height, major and minor axis displacements and twist for 
the three analyses are given in Fig. 4.21.
Gent's failure load of 164 kips is about 7% above Birnstiel's 
value of 153 kips. The major difference between these two analyses 
occurs in the approximations used for the torsion parameter calculations. 
However, better agreement was obtained between the twist values than 
for the bending displacements. Gent therefore concluded that the 
difference between the two computations was probably attributable to 
the sensitive nature of the analyses when plasticity developed in 
the member.
The present analysis gives an ultimate load value of 160.5 kips, 
which lies in between the failure loads of Birnstiel and Gent. It is 
thought that the present analysis predicts a higher failure load 
than Birnstiel due to the neglect of the warping stresses on yielding. 
This assumption will mean that the load at which first yield occurs 
is underestimated and hence the subsequent spread of plasticity will 
be underestimated also. At collapse, the analysis indicates that
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yielding has spread from the centre of the column to within 20 ins. 
from each end.
7. Biaxial analysis of a restrained column.
The final problem examined here i3 one of a series of tests by 
Hutchings21 on columns with restraining beams about the minor axis.
The example studied is subject to single curvature bending about 
both axes and axial load. The minor axis moment is supplied by 
connecting the beams together by a turnbuckle and predeflecting 
them to simulate the imposed loading. The column is effectively 
restrained at its ends about the minor axis and although major axis 
beams are present, they are only used to supply a moment about that 
axis.
The load path used by Hutchings was to initially apply the full beam 
moment, and then to increase the axial load to collapse. This 
situation represents columns in multi-storey frames for which the 
predominant loading will be due to axial load carried down from other 
floors, rather than from the adjacent beams. Details of the frame 
and its loading are given in Fig. 4.22 together with the experimental 
and theoretical plots of the raid-height displacements. At low 
values cf axial load (P < 80 kips), agreement between the present 
analysis and the experimental results is good. However, at a value 
of axial load of approximately 90 kips, the present analysis predicts 
a sudden increase in deflections, indicating imminent collapse.
The experimental failure mode is however much more progressive, 
with the effectiveness of this elastic restraint becoming less and 
less as the deflections begin to increase until failure occurs at 
an axial load of 99.1 kips.
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The computer analysis has specifically been formulated to 
analyse complete frames and it has thus been found to be difficult 
to correctly model the effects of the turnbuckle in providing elastic 
restraint. The minor axis beams are assumed to be simply supported 
at their remote ends in the present analysis. As a result, a sudden 
rather than a progressive collapse mode is obtained, indicating that 
restraint is no longer being provided by the minor axis beam.
The column thus reverts to a pin-ended column under biaxial bending.
4.8 Design of a single-storey portal frame.
A further use of the present computer analysis has been to 
make allowance for the beneficial effects of strain hardening in 
single-bay portal frames designed plastically. A suggested design 
procedure for such frames will now be described.
Structures must usually satisfy not only strength, but also 
deflection requirements and B.S.4495 gives permissible values for 
the horizontal movement at the head of a column and the vertical 
deflection of the rafters in a portal frame. In practice, frames 
which are designed to strength requirements by plastic theory are 
usually assumed to satisfy the deflection requirements of B.S.449, 
providing the structure does not carry overhead travelling cranes.
If such cranes are carried, it is important to limit the horizontal 
spread of the building at the level at which the longitudinal crane 
girders are supported by the portal frame. For the frame shown in 
Fig. 4.23, for example, the change in the distance BF is to be 
constrained. The spread may be controlled by the provision of a
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tie between the eaves at C and E. In such tied portal frames, the 
design is usually governed by strength requirements.
If a tie is not provided, then the column and rafter sections 
must be stiff enough to control the spread of the frame at BF, 
and this requirement may control the design. In such cases it is 
usual practice for the designer to select suitable section sizes 
by analysing a trial design and then increasing or reducing the 
sections as required. Providing the ratio of the moment of inertia 
of the rafter to that of the column remains constant, a satisfactory 
design is obtained without further analysis. Generally, thi3 trial 
analysis will be performed using one of the many programs available 
for the linear elastic analysis of plane frames. However, such 
programs give no guidance to the designer on the selection of 
sections for the trial design if the deflection constraint is to be 
satisfied in an economical manner.
The use of the present computer analysis together with an 
optimisation procedure to limit deflections in designing single­
bay portal frames will now be described. If has been found convenient 
in the program to first of all design the portal frame to satisfy the 
deflection constraint, and then to consider strength requirements.
4.8.1 Design to limiting deflections.
The optimum design of portal frames to satisfy deflections 
has previously been given by Anderson in a paper by Anderson and 
Salter87. A summary of this design procedure will now be given. 
Expressions for the bending moments in untied single-bay portal 
frames are given in standard reference books such as 'The Steel
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Designers Manual'89. By use of the slope-deflection equations, 
the horizontal movement of point B (see Fig. 4.23) with respect 
to the column base can be obtained in terms of the section 
properties and dimensions of the frame.
For instance, for a fixed base frame under vertical loading
only
A = k a2 d ~ n.e) + a2-d (p$2 - ng) 4 37
AB 18Ek2I1 + 6E*i*k*Ij + 6 E-j-Ij
where k = ^h/IjS , d - wL2/16, p =» 1 - b/h , l  = 16 + 15$
n = 2 + b/h, e =* 8 + 15$, g = $(6 - $) , i = 4  + 4m + 4m2 + 4$2 + 2$q, 
j “ 4($2 + m$2 + m2$2) - $2q2, m = l + $ , q  = l + 2m, $ =■ f/h.
In deriving these expressions, it is assumed that the 
horizontal forces, H, at B and F which result from surging of 
the crane are equal, and do not cause a change in span length, and 
can therefore be ignored. Wind loading, acting alone, can either 
increase or decrease the span at the crane girders, depending on 
the relative magnitudes of the forces acting on the windward column 
and the rafters to the force on the leeward column. The usual effect 
will be to decrease the span, in opposition to the increase due to 
the downward dead and imposed loadings on the rafters. Frames so 
far designed show that the critical deflection to control is the 
spread of the span under the vertical roof loading and crane loading. 
Hence if this deflection is satisfied, then any decrease of the span 
under vertical dead and full wind loading will be within the specified 
limit, and thus deflections due to the wind loading are not included 
in the design procedure.
To simplify the algebra in Eqn. 4.37, it was further assumed 
that the load carried by the crane is at mid-span, resulting in 
Mg and Mp being equal. Several frames were analysed with the 
load in this position, and also close to either column, showing that 
the change in span at the level BF is independent of the position 
of the crane load.
Similar expressions can be obtained for a pinned base frame.
Due to symmetry, the spread of the span L at the level BF, 4, 
is given by
4.38
For a given permissible value of A, and a chosen value of
Ij/Ij, the required value of Ij, and thus I2 can be obtained from
Eqns. 4.37 and 4.38.
By assuming that the weight per unit length of a member is 
proportional to the moment of inertia, the weight of the frame,
W, can be expressed as
4.39
A design satisfying Eqn. 4.37 can then be determined by assuming a 
value for Z  / Z  . By using a whole series of these ratios, a minimum 
weight design corresponding to the optimum ratio I /I can be ^oun<* 
to satisfy Eqn. 4.39.
Corresponding real sections corresponding to the calculated
values I2 and Ij are then selected, and this design is then 
taken as a lower bound for the next part of the design stage
(design to strength requirements).
1
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• In the case of a tied portal frame (for which deflection 
constraints are not usually critical), a nominal initial design 
will normally be used as a lower bound solution. A flow diagram 
for the procedure is given in Fig. 4.24.
4.8.2 Redesign of the frame to satisfy strength requirements.
The designer will specify the required load factors that the 
frame must sustain under the various load cases. The frame is 
now analysed under vertical roof loading and crane forces and 
moments, excluding surge forces, using the elastic-plastic analysis 
programs which includes allowance for strain hardening. This load 
combination is usually the critical loading case for portal frames.
Since when surge forces exists, the permissible load factor is 
reduced.
Let the required load factor for collapse be X^ and the actual
collapse load factor X„. If X_ is less than X , it is assumedr r p
that all those member that contain non-elastic regions are underdesigned.
Let the fully plastic moment of a member in the weak design be M1 .
P
The required plastic moment M is then given by:
P
M M 1 X /Xr 4.40P P P F
Sections with plastic moments at least equal to the required 
values are not selected. However, those members that remain elastic 
at collapse are now increased, as it is assumed that they are not 
contributing to the premature collapse of the frame.
In a similar manner, if X_ is greater than X the requiredF p
plastic moment capacities for all members are obtained using Eqn. 4.40.
In this case, an elastic member will be contributing to the excess
strength of the frame and its section should therefore be reduced.
Sections are not, however, reduced below those required to satisfy
deflection requirements. In addition to withstanding a specified
degree of overload, the frame should also remain elastic at working
load. If some members violate this condition, then the analysis
is terminated at working load and the members concerned are
redesigned, using Eqn. 4.40, with X = 1  and X_ is the loadP F
factor at which the member being redesigned first yielded.
When sections are being reduced during redesign of the 
frame, the bending moments and axial forces at working load are 
examined to ensure that sections which would yield before working 
load are not selected. The redesigned frame is now analysed. The 
iterative procedure of analysis and redesign to strength requirements 
continues until the redesign procedure shows that none of the 
sections comprising a safe design can be changed to the next smallest 
in the section tables. This design is now analysed under other loading 
cases specified by the designer. If the frame was found to be weak 
under one of these loading cases, further cycles of analysis and 
redesign under this load case would follow.
In order to reduce analysis time using the elastic-plastic 
program, all out of plane behaviour (minor axis displacements, 
twist and warping) is restrained. Hence the columns are not designed 
against lateral-torsional instability. It is assumed therefore that 
a designer would have initially used a method such as Horne’s13 
to check for this possible failure mode.
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4.8.3 Portal frame examples.
1. Tied Portal Frame.
The dimensions, material properties and loading of the frame 
are as in Fig. 4.23, with the distributed loading on the rafters 
being treated as a series of equivalent point loads along each 
rafter.
For the elastic-plastic analysis, the frame is segmented into 
38 unequal element lengths with 16 elements in the columns and 20 
elements in the rafters, the final two elements representing the 
crane members. Near the expected regions of high stress under the 
imposed loading, element lengths of 200 mm have been used. In addition, 
a tie of yield stress 350 N/mm2 is connected between points C and 
E (Fig. 4.23).
As a result, a deflection check on the frame is not required and 
the frame is designed solely to satisfy strength requirements. An 
initial design is made using simple plastic theory under vertical roof 
loads and neglecting strain hardening.
i) Tie design. Tie force at working load = 164.8 kN.
With reference to B.C.S.A. Publication89 No. 28.
1.75 x 164-8 ,Area required for the tie = -----0~35---  “ °25
Hence a 76 » 51 R.S.J. Grade 50 Section is used (Area =■ 849 mm2).
ii) Rafter and stanchion design.
Assuming the depth of column section = 250 mm, the clear span “ 17.75
7.5 x I7-752 
64 “ 36.9 kNra (For a unit load factor)
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Hence the plastic modulus of the section = 3^900 x 10— *1*75 = 253 cm3
0.25
Hence a 254 x 102 x 22 U.B. is used (Plastic modulus = 261*5 cm3)
A summary of the subsequent design procedure is given in
Table 4.4. In the first stage of the analysis, yielding commenced
at a load factor below unity and consequently X is set to 1P
in Eqn. 4.40 and the members are redesigned. In subsequent analyses, 
the frame is unyielded at a load factor of 1.0 and hence redesign 
is based on the collapse load factor. For all these analyses, 
the effects of strain hardening are included, and the loading 
consists of the vertical crane loads together with the vertical 
roof loading.
The final design obtained for the frame is given in Row 3 of 
Table 4.4. The frame collapses at a load factor of 1.87, and 
redesign to a load factor of 1.75 results in the same discrete 
sections being picked.
2. Pinned Base Portal Frame.
The loading, material properties and dimensions of the frame 
are again given in Fig. 4.23, with the frame being segmented in the 
same way as Example 1 for the elastic-plastic analysis and the 
permissible spread of the span at BF being set to 18 mm.
The optimum design to satisfy the deflection constraint was 
m 981.8 x 10* mm1* and 1^ =* 471*5 x 10* mm1*. In the corresponding 
discrete section design a 686 x 254 x 125 U.B. (I » 1177 x lo6 mm1*) 
was adopted for the columns. The rafter used was a 457 x 191 x 74 u.B. 
(I - 333*24 x 106 mm1*).
The discrete section design was now subjected to elastic- 
plastic analysis under vertical roof and downward vertical crane 
loads. The frame collapsed at a load factor of 2.0, approximately, 
which is greater than the required value of 1.75. First yield 
had occurred in the rafter at E at a load factor of 1.56.
At collapse, the rafter at E had yielded throughout its depth, 
and strain hardening had occurred. A similar region was present 
two-thirds of the way along rafter CD.
As the frame had safely carried the above load case, it was 
now analysed under
(i) vertical roof load, and vertical and horizontal crane 
forces
(ii) vertical roof, vertical crane loads and typical wind 
loading
For both these load cases, the load factor at collapse exceeded the 
usual required values of 1.59 and 1.4.
The above frame was also designed by rigid-plastic theory, it 
being assumed that the rafters and stanchions have the same section. 
The resulting design used a 610 x 229 x 113 u.B. The frame weight, 
W, was 4.15 tonnes, compared with a weight of 3.66 tonnes for 
the design given by the program.
3. Fixed base portal frame.
The dimensions and loading of the frame were as given for the 
previous examples, with the permissible spread of the span at BF 
being set to 36 mm.
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The optimum design to satisfy the deflection constraint was 
1^  “ 281 24 x lO^ rnm1* and “ 137*8 x 10^ mm1*. In the corresponding 
discrete section design, a 457 x 191 x 67 U.B. (I = 293*37 x lo6 mm1*)' 
was adopted for the columns. The rafter used was a 406 x 140 x 39 u.B. 
(I = 124*08 x lo6 mm1*) .
When subjected to the elastic-plastic analysis under vertical 
roof and vertical crane loads, the rafter yielded at E (Fig. 4.23) 
at a load factor of 0.89. Using Eqn. 4.40, the rafter was 
redesigned to be a 406 x 140 x 46 U.B. The following elastic- 
plastic analysis showed that the strengthened design collapsed at a 
load factor above the required value of 1.75. At collapse (see Fig. 
4.23), partial plastic hinges had occurred at point B (in the column 
beneath the crane bracket), point E (in the rafter) and point G 
(the base of the column) . In addition, yielding had commenced 
into the rafters at the apex of the column (G).
As no reduction in section was possible, the design under this 
loading case was complete. Further analyses under the loading cases 
(i) and (ii) as for the pinned base frame showed that this design was 
adequate. Using the standard methods of design, and assuming a 
uniform section throughout, a design using a 457 x 152 x 60 U.B. 
was adopted, the frame weight being 2.2 tonnes, 
by the present program weighed 2.07 tonnes.
The design given
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v a lu e s  o t bend ing  moment A  = 1 -90  
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Fig. 4 - 2 4  flow  d iag ram  fo r  the  d e s ig n  of p o r t a l  fram e s 
to  s a t i s f y  strength  and  d e f le c t io n  lim ita tion s
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Chapter 5. Experimental tests on tapered steel columns.
5.1 Introduction.
Most designs of steel frames rely on selecting a particular 
uniform section to overcome the maximum stress occurring in a 
member. A more efficient technique would be to use a section 
whose dimensions changed in such a way that regions requiring 
high stiffnesses to overcome excessive stresses or deflections 
would contain greater amounts of the structural material than 
corresponding areas of low stress or deflection. For this 
purpose, tapered sections can be used.
A tapered section is usually one in which the web varies 
linearly in depth from top to bottom, all other dimensions 
(flange and web thicknesses and flange breadth) remaining constant. 
Tapered columns can be used effectively in single-storey industrial 
buildings with pinned bases. The loading on its columns will 
usually be a combination of axial load and bending moment, with this 
moment predominating. The primary bending moment diagram for 
such a column ranges from a maximum at the top of the column to 
zero at the base. For a prismatic member, the resulting stress 
diagram will have a similar form to this moment diagram. However, 
there will now be a small value of stress at the base corresponding 
to the axial load carried by the column. Thus if a prismatic 
member was used to satisfy a certain stress requirement, the value 
of stress at the head of the column would govern the design. 
Consequently the rest of the member would be overdesigned. By 
using a tapering member, the stress diagram could be made more
*
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uniform by varying the depth of the column linearly from a 
maximum at the column head to a minimum value at the base. The 
degree of taper and depth at the column base will obviously 
depend on the applied moment from the rafter and the axial load 
to be carried by the column.
As a result, this will give better utilisation of the material 
and give a lighter overall structure. However, a lighter structure 
does not necessarily mean a cheaper structure since the extra 
fabrication costs of making such sections may offset any material 
savings. Several manufacturing companies have however developed 
a system of making such sections which is claimed to be cheaper 
than conventional prismatic systems. Two rectangular plates 
forming the flanges and one trapezoidal plate forming the web 
are connected together using an automatic welding procedure, 
each flange-web junction being connected by a weld pass on one 
side only.
Typical sizes of these columns used in practice are:-
1) 3 m in length; depth at the top in the range 375 mm - 
750 mm and tapering to a depth of 150 mm or 200 mm at the 
base.
2) 5.5 m in length; depth at the top in the range 300 mm - 
1000 mm and tapering to a depth of 200 mm or 250 mm at 
the base.
A series of nine tests have subsequently been performed on a 
selection of tapered columns modelled to approximately half scale 
of the above sections, and loaded with axial load and major axis 
being moment.
5.2 Aims o f  the te s t s .
An experimental study has been undertaken to investigate the 
ultimate load capacity of pin-ended tapered steel columns as part 
of a pinned base portal frame. The test columns have been modelled 
to approximately half scale to represent typical sizes of actual 
tapered columns used in practice. They have been fabricated 
using the sane automatic welding process and steel plate as is used 
in commercial tapered sections.
In the experiments, four parameters have been varied.
These are
1) The angle of taper (i.e. the difference in end depths of 
the column divided by the column length).
In pinned base portal frames, a bending moment occurs at the 
head of the column due to the loading from the rafter. Hence the 
designed depth at the top of the column will depend on the value 
of this moment. Several angles of taper have therefore been used 
corresponding to typical values used in practice.
One of the problems of using tapered columns in practice is
that they often violate maximum allowable depth/thickness ratios
at the head of the column for unstiffened webs. Horne13 has given
a maximum value of 53 for the d/t ratio (d and t are thew w
depth and thickness respectively of the web) in mild steel to 
permit plastic action to occur in a column. In cases of high 
primary bending moment, this ratio is often exceeded at the head 
of the column and for a considerable part of the length also.
Values of d/tw used in the tests have been chosen to violate thes 
limiting conditions.
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2) Ratio of the axial load to squash load.
Two major experimental programs have previously been carried 
out on welded steel tapered sections at Columbia University55 
and New York University55. The first series of tests concentrated 
its interest on the determination of the elastic stability of 
tapered I-sections. In general, the te3t members were cantilevered 
and were subject to axial and transverse loads. The tests were 
conducted so that several members with the same nominal dimensions 
were loaded differently, ranging from pure axial load to pure 
bending. In the second series of tests, interest was directed 
towards the inelastic lateral stability of tapered beams, the 
specimens being loading and supported in a similar fashion to 
gable roof beams. The members were thus subject to high bending 
stresses coupled with low axial stresses.
The aim of the present tests was to study the ultimate 
behaviour of tapered steel columns and they are thus subjected to 
considerable axial as well as bending stresses. The effect of 
differing values of axial stress on the ultimate moment has thus 
been examined also
3) Two values of member length have been used in the 
experimental study corresponding to short and long members in 
actual use.
4) Provision of lateral restraints.
Tapered columns over 3 m in length are usually provided 
with a lateral restraint (a girt) on the outer flange at various 
points along the column. These girts are used to support the
i*
cladding used in  the frame.
For the longer columns, therefore, two series of identical 
tests have been performed on columns with and without lateral 
restraints. In the restrained tests, one restraint has been 
provided on the outer flange at the centre of the column.
5.3 Load path.
The loading procedure used in the experimental study was 
one of initially applying a fixed value of axial load. Subsequently, 
a bending moment is applied in increments until collapse occurs, 
whilst keeping the axial load constant.
Horne90 has argued that the assumed load path of constant
axial load and increasing the bending moment to cause failure
represents the most likely form of column loading in a building
frame. The accumulated axial load on the column due to dead
weight and floor loading from above the column remains relatively 
constant and the live load increases over an isolated floor area
within the vicinity of the column, causing collapse due to
increase in major axis bending moment.
With reference to Fig. 4.23, the loading in a pinned base 
portal frame is due to the combination of roof loads and crane 
loads; these roof loadings cause a combination of axial load and 
bending moment in the column. However subsequent surging of the 
crane cause an increase in moment without increasing the axial 
load.
The load path of applying a fixed axial load and subsequently 
increasing the bending moment therefore represents a pinned base
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portal frame with a fixed amount of roof loading which subsequently 
fails due to surging of the crane.
5.4 Test rig.
The rig used to test the tapered columns has previously been 
designed and used as part of a research program to investigate 
the ultimate behaviour of concrete encased steel columns with 
end restraint91. Subsequently, the rig has been modified to test 
pin-ended tapered columns with and without lateral restraint at 
the centre of the column. A schematic drawing showing the rig's 
essential features together with a general view of the rig are 
given in Figs. 5.1, 5.15 and 5.16.
5.4.1 Axial load system.
The system is loaded by a 2000 kN hydraulic jack, operated 
by an electric pump through crossed knife edges, contained in 
a box to which the loading beam and the column under test are 
bolted. The axial load is measured at the opposite end to the 
jack at the base of the column after passing through a second 
set of knife edges by a 2000 kN strain gauged load cell. These 
crossed knife edges, which convert the load spread over the area 
of the jack into a point load at the head of the column, provide 
rotational freedom about both the major and minor axes but 
prevent any torsional rotation. Both the jack and load cell are 
reacted against sandwich plates and grillages. The rig is designed 
to be 'self-reacting', so that reaction to the column loading is 
taken out within the system rather than to a laboratory strongfloor.
*
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This is achieved by four symmetrically placed 32 no diameter 
Lee-McCall prestressing bars connected between the end sets of 
grillages. One end grillage is bolted to the strong floor 
(at the base of the column) whilst the other end grillage is 
allowed to slide on the floor by means of steel rollers. This 
sliding grillage is only allowed to move along the longitudinal 
axis of the column, and thus takes up strains within the bar3 
as well as facilitating easy assembly for columns of different 
lengths.
5.4.2 Beam loading system and shear resistance.
The major axis moment is applied at the top end of the 
column only by deflecting the attached beam using a threaded 
rod. This load is measured using a strain-gauged tension- 
compression load cell. The remote end of this beam rests on a 
flat plate, between which is a small ballbearing giving complete 
rotational freedom.
Application of moment at only one end of the column results 
in quite large shear forces at the ends of the column. These 
forces are removed from the system by long links placed under 
the beams, connected at one end close to the box and at the far 
end to a small frame attached to the strong-floor. These links 
are capable of resisting axial tension and compression. As a 
result, the beam at the base of the column is retained to locate 
the link, even though it has no load applied to it.
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5.5 Testing procedure.
The columns were prepared and tested in three batches of 
three columns. The first and third batches were the columns 
of the larger length, the second batch being the shorter columns. 
Before each test, the ends of the specimen were cut in such a 
way that the longitudinal centre line of the column was perpendicular 
to the front plate of the end boxes. End plates (25 mm thick) 
were then symmetrically welded to the ends of the column and a 
thin layer of brittle plumbers resin was applied to the column 
web and flanges at regions of expected yield. On subsequent 
loading of the column, yielding is indicated by the cracking and 
flaking off of the resin.
For the final batch of columns, a 75 mm wide rectangular 
plate having the same thickness as the flange was welded to 
one of the flanges at the mid-point of the column. During the 
subsequent tests, a rod with "Roseball" joints at each end, 
giving rotational freedom about the major and minor axes, was 
attached to this plate and also to a channel section which was 
bolted to the strong floor of the testing laboratory. This lateral 
restraint prevents vertical movement of this flange, whilst 
permitting free axial and bending displacements in the column, 
and is used to simulate the effect of a girt in pitched roof 
portal structures (see Fig. 4.17).
Prior to each test also, the surfaces of the flanges at the 
quarter and mid-points of the column were polished and two 
resistance strain gauges were positioned 5 mm from the edge of
the flange plate on both the tension and compression faces.
The column was now bolted horizontally into the test rig 
by connecting the end plates of the column to the bottom plate 
of the knife edge assembly. Testing columns horizontally 
enables columns of various length to be used by a simple 
alteration of the rig, as well as simplifying the design of the 
accompanying instrumentation.
Before each test, various small combinations of axial load 
and bending moment were applied to remove any slip from the 
rig. This small loading was successively added and removed until 
corresponding deflection and strain readings of similar load stages 
showed good reproducibility.
5.5.1 Measurement of minor axis initial imperfections.
Before each specimen was prepared for testing, a measure of 
the minor axis initial imperfections was made. The bare column 
was placed with its flanges vertical on a Grade B Surface Table 
with a guaranteed flatness of 0.08 mm. Two screw jacks 
were placed at the deep end of the column and one screw jack 
was placed at the small end of the section, between the Surface 
Table and the web of the specimen.
These three jacks were then levelled so that they gave 
identical readings on a vernier height gauge (with an accuracy 
of 0.01 mm). This vernier height gauge was then used to record 
the minor axis initial imperfections at each eighth point along 
the column length. At each station, three gauge readings,
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corresponding to the centre and edges of the web, were taken 
to find the average imperfection at that point. This method will 
probably give an accuracy of 0.05 mm in the readings. The 
average values of initial imperfection for the nine columns are 
summarised in Table 5.1.
5.5.2 Measurement of yield stress and strain hardening properties 
of the steel plate.
Two thicknesses of steel plate (nominally 6.35 mm and 4.76 mm) 
have been used in the experimental study. It was initially 
specified that plates of identical thickness were obtained from 
the same batch at the manufacturing stage. For the fir3t column 
of each of the batches tested, an unyielded section was cut from 
the tested specimen. Three coupons (one from each of the flanges 
and one from the web) were made from this unyielded section in 
accordance with the specifications of B.S.18.
A characteristic of this steel is that it possesses two 
distinct yield points (called the static and dynamic yield 
stresses). The upper value of yield stress (the dynamic yield 
stress) arises since it takes more stress to initiate a slip 
plane than to maintain one after initiation. This upper yield 
stress value is dependent on the rate of straining adopted for the 
control test3; as the strain rate tends to zero, the dynamic 
yield stress tends towards the yield stress value. Consequently, 
the coupons were tested using a slow rate of straining on a Type 'E' 
Monsanto Tensometer (0.05 mm/min).
Corresponding values of F , SH and PLAT (Fig. 4.2) were
«•.. ; v-* - -  rpxjf sMBgH 
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obtained from the resulting load deflection plot, and a 50 mm 
gauge length extensometer placed over the central portion of the 
coupon. These values are given in Table 5.1.
5.6 Instrumentation.
An instrumentation frame was made from standard 'Dexion' 
angle sections and was mounted independently of the test specimen.
In the event of the supporting test rig moving, this frame was 
fixed on to the sandwich plates of the supporting rig so that true 
readings of the deflections relative to the frame could be recorded. 
The frame was used to support the various electronic gauges 
recording the displacements of the section.
5.6.1 Resistance strain gauges.
Two resistance strain gauges (of gauge length 10 mm) were 
placed at the quarter and half span points of the column, 5 mm 
from the edges of each flange. These gauges, which compensated 
for any change of temperature occurring during the duration of 
the test, were used to indicate the onset of yielding, as well as 
providing a check on the reproducibility of loading during the 
initial elastic runs prior to each test.
5.6.2 Load Cells.
Two independent load cells (2000 kN and 45 kN capacity) were 
used to measure respectively the axial load in the column and the 
transverse load on the beam at the top end of the column. Before 
each batch of tests, a check on the calibration of these load cells 
was made using an Amsler tension-compression test rig with a 
Grade A rating.
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5.6.3 Linear voltage displacement transducers and mechanical gauges.
A series of 18 transducers with maximum strokes of 50 mm, 25 mm 
and 12.5 mm were attached to the instrument frame and located on the 
column and end boxes as shown in Fig. 5.2. These transducers were 
used to measure rotations and displacements at various positions 
along the column.
All these electronic gauges are connected to a Solartron Data 
Logger and the corresponding voltage changes are immediately converted 
into values of displacement, rotation, axial force, bending moment 
and strains by means of Software written for a PDP11 computer.
Separate Digital Voltmeters (DVMs) are connected to each of 
the load cells to enable a direct value of the load to be known at 
any load stage. A further DVM is used to monitor any fluctuations 
in supply voltage to the electronic gauges. These DVMs are also 
used to ensure that the applied loading is remaining steady prior 
to a scan of the transducers and strain gauges.
In addition to these electronic gauges, several mechanical 
gauges are used to align the column and serve as a check on the
imminence of collapse. A 50 mm inclinometer is used initially to 
level the end boxes, and also to record the minor axis rotations 
of the column during testing. Also, several standard dial gauges 
are used at the centre of the column to ensure that the column 
deflections were steady prior to scanning the various electronic 
gauges.
5.7 Test results.
The behaviour of the specimens under test will now be explained 
in groups corresponding to the three batches of equal length. Typical
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bean load versus end-rotation curves and beam-load versus major 
axis displacement curves are given in Figs. 5.4 - 5.13.
Series 1 - Columns TCI, TC2 and TC3.
The first column, TCI, was initially subject to a fixed axial 
load of 100 kN. The beam loading was then applied in increments 
of 4 kN, until the strain gauges indicated the onset of yielding 
at = 0.59 (where Mp^ , is the reduced plastic moment at
the head of the column under axial load). The beam load is then 
increased in increments of 2 kN until collapse occurs.
The efficient nature of the tapered column with respect to 
carrying major axis bending moments was shown in this test. 91% 
of the reduced plastic moment at the head of the column was carried 
before collapse occurred. Considering the situation at the centre 
of the column, this means that 72% of the reduced plastic moment 
is being carried here, assuming that the primary bending moment 
is half the value at the head of the column.
Ultimate failure occurs by lateral torsional buckling (see 
Fig. 5.14(a)). The failure mode shows that the column flanges 
remain straight for about 10% of the length at each end of the 
column, indicating that the boxes give both torsional and warping 
restraint to the ends of the column. For this test, the onset of 
failure was quite sudden. Only for the last two load increments 
did the measured deflections and rotations show any marked non­
linearity (see Fig. 5.4(a)). The flaking and cracking of the resin 
indicated that plasticity was confined to about 10% of the column 
length, centred about the mid-length of the column.
The second and third columns in this series (TC2 and TC3) 
were each given an initial axial load of 200 kN, applied in four 
increments of 50 kN. The beam loading was then applied in 4 kN 
increments until yielding occurred at respectively M/MpT = 0.42,
0.41 in the two columns. Subsequent beam loading was applied in 
2 kN and 1 kN increments until collapse occurred.
The failure mode for both these columns was identical, 
occurring by lateral buckling (see Fig. 5.14(b) and (c)). The 
onset of the buckling failure is indicated by a more progressive 
non-linearity in deflection and rotations than in the first test 
(see Figs. 5.5 and 5.6(a)).
The ratios M/MpT at failure for these two tests are 
respectively 0.69 and 0.70, showing that under increased axial 
load, tapered columns are far less efficient carriers of bending 
moments. The resulting pattern of fracture in the brittle coating 
of resin indicates that yielding has extended approximately over 
the middle two-thirds of the column length.
Series 2 - Columns TC4, TC5 and TC6 .
The second series of tests was conducted on the columns of the 
shorter length (nominally 1900 mm). The first column in the series 
(TC4) has the smallest end depth and was given a fixed axial load 
of 200 kN. The beam load was then applied in 2 kN increments 
until collapse occurred. (Fig. 5.7). Failure occurred due to lateral 
buckling when the applied moment ratio at the column bead, 
was 0.64. The yielded zones at failure are quite extensive with 
considerable tensile and compressive regions over most of the column
182
length (see Figs. 5.14(d) and (i)).
The second column in the series (TC5) had the largest top end 
depth and therefore would be expected to carry the largest applied 
bending moment. Unfortunately the results proved to be disappointing. 
The expected load path was again one of a fixed axial load of 
200 kN and subsequent increase of bending moment to cause failure.
However, on application of the axial load, an elastic stability 
failure occurred with the axial load having reached approximately 
175 kN, prior to any bending moment being applied. This value 
represents failure at approximately 56% of the Euler buckling 
load. The reason for this premature failure is thought to be due 
to the presence of large imperfections about the minor axis.
With reference to Table 5.1, the maximum imperfection in the 
column is 5.55 mm, or approximately three times the usual tolerance 
specified in B.S.449 (L/960) for rolled sections. However, the 
maximum imperfection present in column TC4 (1.45 mm) is well 
within this tolerance.
The final column in this series (TC6) had a similar initial 
imperfection pattern to TC5, and was therefore given a fixed axial 
load of 100 kN. The beam load was then applied in small increments 
of 1 kN. Failure occurs due to lateral-torsional buckling, in a 
similar manner to the first column of the last series (TCI) with the 
moment ratio at the head of the column, M/M^ = 0-82. Failure is 
again quite sudden, with considerable deviation from linearity 
in the displacements occurring only during application of the last 
two beam load increments (see Figs. 5.8).
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Fig. 5.14(e) shows that the tension flange remains comparatively 
straight in comparison to the compression flange which has developed 
a marked curved shape at collapse. This flange has extensive 
compressive yielding on its top face (indicated by che flaking off 
of the resin) and small regions of tension yielding on the bottom 
face (indicated by cracking of the resin on the bottom of the 
flange).
Series 3 - Columns TC7, TC8 and TC9 (see Figs. 5.9 - 5.11)
The three columns tested in this series were duplicates of 
tests TCI, TC2 and TC3 with an elastic restraint provided at the 
centre of the column to prevent lateral movement of one of the 
flanges.
Columns TC7 and TC8 had this restraint on the tension flange 
(the flange usually restrained in practice) and were again initially 
subjected to an axial load of 200 kN. The pattern of initial 
imperfections for both these columns was similar to their counterpart 
in the earlier tests (TC2 and TC3).
As the bending moment on the column is increased, the compression 
flange begins to deflect vertically unhindered (i.e. out of plane), 
whilst the tension flange is prevented from moving. Collapse finally 
occurs in a torsional mode due to the relative displacements of the 
two flanges. Just prior to failure, the restrained tension flange 
rotates about the web causing a sudden release in strain energy and 
a corresponding drop off in the applied load, (see Figs. 5.14 (f) and 
(g) and Fig. 5.17).
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The experimental failure moments for both these two columns, 
however, are not significantly greater than the corresponding ultimate 
moments for the unrestrained tests. For column TC7, the failure 
moment ratio, is 0.73 (c.f. for TC2, M/JL = 0.69) and for
TC8 this ratio is 0.71 (c.f. 0.70 for TC3)
Since buckling of columns is generally governed by compressive 
behaviour, the effect of restraining the tension flange is to change 
the failure from a lateral to a torsional mode (see Figs. 5.9 and 
5.10).
Consequently for the final test (TC9), the lateral restraint was 
placed on the compression rather than the tension flange. This will 
simulate the provision of knee bracing from the tensile to compressive 
faces. The effect of this restraint is to resist any initiation of 
buckling in the compression flange. As a result, the section carries 
considerably more moment than an unrestrained column. This column 
is initially subject to an axial load of 200 kN. This value of 
axial load is greater than the value of 100 kN used in the counterpart 
test (TCI) since the expected failure moment under this condition 
may have exceeded the limits of the testing rig. The resulting 
failure moment ratio at the head of the column, M/Mp^, is 0.82 
as compared to 0.91 for the unrestrained case. This failure moment 
would however constitute a considerable increase in moment capacity 
compared to the unrestrained columns with an axial load of 200 kN 
(columns TC2 and TC3 have ultimate moment ratios of 0.67 and 0.70 
respectively).
Subsequently, theoretical analyses using the biaxial computer
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analysis were performed on this column assuming a fixed axial 
load of 200 kN and separately both zero and full lateral restraint 
at the centre of the column. The results indicated that the analysis 
assuming full restraint gives a considerably higher failure moment 
than for the unrestrained column, and also gives the closer • 
approximation to the actual behaviour of the column under te3t.
The ultimate failure mode is caused by sudden buckling or the 
restraint giving rise to lateral buckling of the column. The loss 
of restraint caused a sudden rapid increase in minor axis deflections 
at the centre of the column and subsequent failure (see Fig. 5.14(h)). 
It is thought however that actual failure of the column itself 
was imminent at this stage. The deflections along the column length 
were becoming markedly non-linear and suggested that failure would 
probably have occurred in a double curvature type mode, with zero 
vertical deflection about the central restraint. However the 
buckling of this restraint gave a sudden change to the lateral 
buckling modes of earlier tests.
5.8 General observations.
The characteristic failure of the majority of the columns tested 
is that they have a 'soft' collapse mode; application of further loads 
causes a steady increase in deflections and rotations rather than 
a sudden release of stored energy. All the columns tested violate 
the provisions given by Horne13 to prevent local buckling in the 
web. However none of the tests showed any sign of a local buckling 
failure. It should be noted, nevertheless, that the nature of the 
end boxes is to restrain part of the column length against thi3 mode
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of failure. Also the effect of welding the columns on one side 
only at the web-flange junction does not appear to be detrimental 
to the effectiveness of the connection in resisting high shear 
forces and bending moments.
5.8.1 Summary of conclusions.
1. Tapered columns in pin-ended portal frames are very efficient 
carriers of primary bending moment. This efficiency reduces under 
increasing values of axial load.
2. Unrestrained tapered columns with low values of applied axial
load (P/P„ < 0.4) will ultimately fail on the application of £•
bending moment in a lateral-torsional buckling mode.
3. Unrestrained columns with higher values of axial load 
(P/Pg > 0.5) will ultimately fail in a lateral buckling mode on 
the application of bending moment.
4. Large minor axis imperfections induced by welding can cause 
significant reductions in the carrying capacity of tapered columns 
under axial load.
5'. Although Horne's 'D/t' ratios to avoid web buckling will 
generally be exceeded in tapered columns, local web buckling does 
not occur.
6 . Using weld passes on one side only of a web-flange junction provides 
adequate continuity between the plates in resisting shear forces and 
bending moments.
7. Provision of lateral restraints on the tension flange of a tapered
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column does not appear to significantly increase the ultimate 
carrying capacity of the column.
8. The placing of a lateral restraint on the compression flange 
of a tapered column does appear to give a significant increase in 
the ultimate carrying capacity of the column.
5.9 Use of the elastic-plastic analysis program in analysing taoered 
columns.
The elastic-plastic computer program of Chapter 4 has been 
used to analyse the series of experimentally tested tapered 
columns. In order to theoretically investigate these columns, 
several further assumptions are needed in addition to the ones 
used previously. These are:-
5.9.1 Warping and twisting at the column ends.
The effect of the end plates and the end box system is 
assumed to give full restraint against warping and twisting at 
the ends of the column. The experimental tests confirmed that the 
ends exert considerable restraint to the column at the ends. In 
the ultimate deformed shapes (see Figs. 5.14), the flanges remain 
straight for about 107. of the column length, and then adopt the 
typical curved shape associated with the buckling mode.
5.9.2 Allowance for member taper.
The uniform taper of the column is converted into a series of 
stepped reductions by splitting the column into 30 element lengths, 
each element having a uniform depth throughout. The depth of each 
element i3 given by the corresponding depth of the actual column 
at the centre of this element (Fig. 5.2).
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5.9.3 Values of yield stress and strain hardening properties.
The coupon tests on the steel specimens show that there is 
very little variation in the yield stress (F^ ) between each coupon.
A characteristic of the steel used is that it possesses a very short 
plateau region after yielding prior to the onset of strain hardening. 
The values of this plateau length and the strain hardening modulus 
(PLAT and SH) are found to vary between each set of coupons.
For each batch of three tests, therefore, average values of PLAT 
and SH have been taken from the appropriate coupon results of 
Table 5.1.
5.9.4 Initial deflections.
The average measured initial imperfections about the minor 
axis are given in Table 5.1. For the theoretical analysis, initial 
deflected shapes are obtained about this axis by segmenting the 
member into small element lengths and estimating their angular 
rotations corresponding to the measured deflected shape. No 
allowance, however, has been made in the analysis for any initial 
twists in the specimens.
5.9.5 Residual stresses.
Although no actual experimental determination on the level of 
residual stresses present in the column has been made, the pattern 
suggested by Young and Dwight92 for welded sections has been used.
At each weld, there is a region of ' locked-in’ tension. The pattern 
of this tension region is assumed to be rectangular, the width of 
which is dependent on the heat input to the weld. Simple statics
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can then be used to obtain the balancing stresses (which are 
mainly compressive) occurring elsewhere in the section. The 
resultant stress pattern adopted in the analysis for the tapered 
section is shown in Fig. 5.2.
For such a welded section, the width of the tension block, 
c1, is given by:
c1 = 0.12ÎQ/V1) c ,
F ( t  * 2-t.) 5,1y w f
where Q/v1 is the energy input per unit'length of weld.
From the fabrication specification for the column tested,
Q = rate of heat input to the arc = 12000 watts. 
v1 = rate of travel of the weld pass = 1/48 n/s.
The stress pattern is then used to obtain average values of initial 
stress occurring in each of the sub-divided elements of the moment 
curvature procedure.
5.9.6 Effect of lateral restraints.
The elastic-plastic computer analysis cannot deal with 
restraints applied to only one flange of the column. Consequently, 
for each of the three restrained columns, two analyses have been 
performed. The first analysis assuming zero lateral restraint, 
and the second full lateral restraint at the centre of the column.
5.10 Discussion of results.
A table of ultimate load values and corresponding major and 
minor axis rotations and major axis deflections for both the 
experimental and theoretical analyses are given in Table 5.2 and 
Figs. 5.4 - 5.13. The assumptions previously cited together with
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the initial assumptions of chapter 4 have been used to obtain 
ultimate load values for the columns.
Unrestrained Columns - Series 1 and 2.
General ultimate load agreement between the two sets of 
results is good, with the theoretical analysis usually giving 
slightly higher ultimate load values than the experimental values.
It would perhaps be expected that the opposite should be true 
with the experimental ultimate load values being the greater.
Whilst the column is being loaded up, the stiffness in the knife 
edge assembly and movement of the loading beam will restrain the 
column. On the other hand, however, the effect of warping strains 
on yielding has been neglected in assessing the reduced stiffness 
properties of the member's elements. At a particular load level, 
therefore, the extent of yielding is underestimated and a high 
assessment of ultimate load will result.
The trend of the curves of major axis deflections show that 
the theoretical analysis usually yields the greater values. The 
adoption of an assumed level of residual stress can cause significant 
differences in the theoretical values of these rotations and 
displacements. In Fig. 5.4(a), two theoretical curves are plotted 
for the top end rotation of column TCI with and without residual 
stresses. It can be seen that the theoretical curve neglecting 
these stresses underestimates the end rotations whilst predicting 
an even higher failure load when compared to the analysis including 
residual stresses. The residual stress pattern used by Young and 
Dwight92 will therefore probably overemphasise the level of initial
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stresses that are actually present in the section. The analysis 
which includes residual stresses would therefore be expected to 
indicate premature yielding in the member, and thus predict a 
lower failure load. This as found not to be the case. However, 
slight eccentricity in the loading system may result in a reduced 
experimental failure load.
It is interesting to note that the experimental end rotations 
about the minor axis are generally greater than the theoretical 
values whilst the reverse is true about the major axis. The 
contrasting effects of a too severe residual stress pattern 
combined with slight eccentricity in the loading system could 
account for these discrepancies, whilst still giving a good 
estimate of failure in the theoretical analysis.
Considering the schematic representation of the end loading 
system in Fig. 5.3, a cumulation of errors between the ram of the 
jack and the head of the column can give an eccentricity of loading 
about both axes.
An assessment of these errors about one axis will now be made.
1. Point A.
The jack and load cell are located centrally on the back 
plate of the knife edge assembly by means of a location ring which 
i3 bolted to this back plate.
Possible error in the central location of the jack and load
cell is estimated to be 0.25 mm (e,).A
2. Point B.
The knife edges sit in the curved groove of the middle plate 
of the knife edge assembly. As the knife edge rotates, it may be
A
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possible for the knife edge to 'ride up' the groove. The
estimated movement is 0.50 mm (e_).B
3. Point C.
The end plate of the column is connected to the bottom plate 
of the knife edge assembly by bolts passing through dowelled holes.
The possible error in alignment of these holes, ec - 0.25 mm.
4. Point D.
The column is symmetrically welded to its end plate. Possible 
errors in alignment may occur due to the centre line of the column 
not coinciding with the centre line of the end plate. The maximum 
error, eD is 0.5 mm.
The total possible eccentricity in loading occurring due to misalignment 
of the axial load through the centre of the column,
6 " eA + eB + eC + eD " * 1*5 ran-
Clearly, the effect of any eccentricity in the rig will be greater 
about the minor axis than about the major axis. With reference 
to Fig. 5.12, however, the effect of any eccentricity is "robably 
masked in column TC6 due to the high level of initial imperfection 
present. Commencing at low values of applied bending moment, there 
is a progressive non-linear increase in these rotations until 
failure occurs. In contrast, columns TCI and TC3 (both having 
smaller imperfections) show a much smaller change in the minor 
axis rotations until failure is imminent.
Restrained columns — Series 3.
The moment versus major axis rotations and major axis deflections
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curves for columns TC8 and TC9 are shown in Figs. 5.10 and 5.11, 
assuming a full lateral restraint at the column centre for the 
theoretical analysis. The theoretical analysis for column TC3 
is found to considerably overestimate the actual failure load, 
and thus indicates that the tension flange restraint used did 
not exert much effect. On the other hand, for column TC9 the 
load and deflection agreement is far batter. Although the 
theoretical analysis again overestimates the failure moment, this 
is probably due to the sudden buckling of the restraint during the 
actual test.
A further indication of the benefit of providing a restraint 
on the compression flange can be seen in Fig. 5.13 where minor 
axis rotation curves are plotted for columns TC8 and TC9. The 
minor axis rotations for TC9 show a much less rapid rise than 
column TC8, showing that minor axis buckling is being restrained.
5.11 Comparison of design methods with the experimental results.
Several current methods of steel column design have been 
adapted to give an estimate of the failure loads of the tested 
columns. The methods used are the elastic design procedure of 
Horne for both laterally restrained and unrestrained columns and 
the plastic design methods of Wood and Young.
The results are summarised in Table 5.3, together with the 
corresponding experimental values. Column (3) of this table 
contains the estimated first yield moments obtained from the strain 
gauge readings.
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5.11.1 Horne's P P method.
________ L I _______
i) unrestrained columns.
Horne's method of elastic design11 for pin-ended columns 
prevents the yield stress being exceeded in the extreme fibres 
anywhere in the column length. Because of the magnification of 
lateral displacements due to instability effects, the maximum 
extrema fibre stress may occur away from the ends of the column.
The check on the maximum stress takes the form
P/A + N *M /Z + f $ F 5.2x x x o y
where A, are respectively the area and elastic modulus of the
section
is a magnification factor allowing for the excess of 
stress due to flexure about the minor axis in the presence 
of the axial load, P.
f is the bending stress about the minor axis due to initial 
imperfections.
is the equivalent uniform moment.
To obtain a value for fQ , an initial imperfection in the form of 
a sine wave, with maximum amplitude e, is assumed corresponding 
to the rolling tolerance of L/960. This value is
t = 0.0015 L-r /a 5.3
y y
a is half the flange breadth
y
r is the minor axis radius of gyration.
where
The maximum value o f  s tress  about the minor a x is ,  f Q, allowing
for warping restraint is approximately given by: 
e a
where
(l—r )r 2y y
{ Mx2/ zx2 + *2e V l >2V z x }
B
B “ T + 2rr2E(ry/L)2 - 2-P/A
Y = P(L/ry)2/(*2EA) + Mx2(L/ry)2/(ir2-E-Zx2B)
T - A.G.J.a 2/I 2 x x
a is half the section depth, x
5.4
This value of f can then be substituted into the inequality of o
Eqn. 5.2 to give a maximum value of for a given section subject
to a fixed axial load.
ii) Laterally restrained columns.
The limiting stress check for the restrained column case has 
a similar form to Eqn. 5.2. However the value of minor axis stress 
is altered due to the restraint about one of the flanges. Horne and 
Ajmani93 have shown that this stress is given approximately by:-
f _ 30 P/A ♦ 0.65 Mx/Zx 5.5
° n --------- g-----------
where B - 30 000/(D/tf)2 + 200/n2 - P/A - 0.65 Mx/Zx 
n - L/(100-ry)
This value of f is then substituted into Eqn. 5.2 to obtain a o
value of M .
iii) Application to tapered columns.
For both the restrained and unrestrained cases, Eqn. 5.2 contains
terms such as P, M and L, and the section properties r , Z , A, 
x y x
D/tj and T. For a tapered member, these section properties will
196
vary along the length of the member. However the tapered columns 
used in the experimental study are designed to resist primary bending 
moment at the head, with the base of the column (having zero moment) 
only resisting axial load. The experiments show that the bending 
moment carried by the column is dependent on the section at the head 
of the column. For instance, column TC3 gives an increase of 
failure moment over column TC2, both columns having the same axial 
load.Consequently values of Z^ at the head of the column and A 
at the base of the column have been used in Eqn. 5.2. Also the 
adoption of a high value of D/t^ and a l°w value of T will result 
in a conservative estimate of fQ. Thus values corresponding to the 
section at the head and base respectively have been used. Finally, 
the section property, ry, is found not to change very much in a 
tapered column since I is approximately constant, and the 
flange areas are constant throughout; hence the value of ry at the 
column base has been used.
Substitution of these values into Eqn. 5.2 together with the 
constant axial load and length of the column will give a polynomial 
equation for M^. This polynomial is of degree three for the 
unrestrained case and of degree two for the restrained case.
These equations are:-
A) Restrained.
0*65 f 2 + f (- 0-65 F - 0-65 A2 - 0-65-B2*P/A) + (B2 F - A2 P/A - x x y y
B2-P/A) - 0 5.6
B) Unrestrained.
fx3(lo‘**n2)+fx2(10‘f-n2*P/A-3*0-105*n-6-lo‘t-n2-Fy)+fx(2*106-A4-(l-P-n2/(200A)) 
- 6-107-6/n)+(2-106'A4(l-Pn2/(200-A)•(Fy-P/A)-3*105-n-5-A4*P/A) = 0  5.7
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where n - L/(100 r ) ; A2 - 30/n; B2 - 30 000/(D/tf)2+ 200/nz - P/A; 
A4 - A-G*J-D2/(4*Ix2) + 400/n2 - 2P/A ;
6 = ratio of maximum imperfection in the column to the 
value (L/960) used by Horne.
Solutions of these equations to find the lowest real root will give 
a value for the equivalent uniform bending stress, fx> in the column. 
Multiplication of this stress by the section modulus of the section 
gives the equivalent uniform moment in the column. The actual moment 
at the head of the column can then be obtained from Horne's equivalent 
uniform moment chart.
If m' is the equivalent moment reduction factor, the moment 
at the head of the column is given by:
M - f Z /m' 5.8X X X
The results are summarised in Columns (4), (5), (6) and (7) of Table 
5.3. For columns TCI - TC6, the results are obtained from Eqn.
5.7. Similarly for columns TC7 - TC9, the results are obtained from 
the above quadratic equation.
Columns (4) and (5) of Table 5.3 have been obtained by assuming 
that the area and moment of inertia values in the above equations are 
based on the properties at the bottom and top of the real column 
respectively. These two sets of values differ however in the value 
of maximum minor axis imperfection used ; Column (4) corresponds to 
the actual measured imperfection in the column and Column (5) to the 
standard value (L/960) adopted by Horne.
A further two series of values (Columns (6) and (7) of Table 5.3)
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are presented corresponding to area and inertias at the centre of 
the column for both sets of initial imperfections.
iv) Discussion of results.
Horne's method of design is based on a limiting stress approach. 
Consequently comparison between the design method and the actual 
tests is based on the attainment of first yield in the tests.
Column (3) of Table 5.3 is a series of estimated first yield moments 
obtained from strain gauge readings recorded during testing and by 
cracking of the brittle lacquer coating.
The effect of assuming section properties at the centre of 
the column as opposed to top and bottom values is to considerably 
underestimate the moment capacity of the column (Columns (6) and 
(7) give considerably lower moment values than Columns (4) and (5) 
respectively of Table 5.3). In fact, use of 'top and bottom' section 
properties and the real imperfection values (Column (4)) generally 
give quite good agreement with the experimental values of Column (3). 
This indicates that the use of a taper should give a considerable 
increase in moment capacity.
Comparison of Columns (3) and (4) show that the design method 
is more conservative as the axial load is increased due to the 
magnified effect' of the minor axis imperfections. Hence the predicted 
first yield moment for TCI is higher than the experimental first 
yield value. For columns TC2 and TC3, however, the design moment 
is lower than the experimental first yield value. For column TC4, 
however, the actual imperfection present wa3 smaller than the standard 
rolling tolerance, and hence the small minor axis stresses cause 
the predicted first yield value to exceed the experimental value.
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It is interesting to note that the design method does not 
permit a moment to be applied to column TC5, since the high level 
of imperfection present causes the yield stress to be reached 
under axial load only.
5.11.2 Wood's plastic design method.
This design method18 give3 an assessment of the reduced 
stiffness of a column due to the combined effects of plasticity 
and instability.
The collapse load of the column, P, is defined as
P = C Rx PE 5.9
where C is the ratio of the critical axial load to the Euler 
load (P£)
is a reduction factor allowing for partial plasticity.
The maximum allowable moment, Max, to prevent excessive plasticity is 
given by:-
Max = 1.08 Zx Fy • (1 - F) 5.10
Max represents the moment causing one flange of the column to 
become completely plastic
F is the ratio of the axial load to the squash load.
A value of the reduction factor, R , is then obtained from:* x
R = (1 - Mmax (0.4 - 0.2 m))(1 - F2) 5.11
X Max
v m is the ratio of the top end moment to the 
bottom end moment
Mnax is the maximum design moment in the column, and 
must always be less than, or equal to, M .
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For a pin-ended column with moment applied at one end only
C - 1 5.12a
m = 0 5.12b
Combination of Eqns. 5.9 - 5.12 together with the known values
of P and Pg will give a value of the maximum allowable design
moment, M . In comparison to Horne's method, however, Wood's
values of P and M relate to the ultimate condition of the max
column at collapse, rather than the attainment of first yield in the 
column.
The value of squash load used to obtain F is based on the dimension
at the base of the column, and the value of Z is based on thex
dimensions at the head of the column as before. In cases where
M exceeds M , the value of M has been taken as the ultimate max ax ax
moment. In such cases, the design method would have permitted a 
greater axial load in the column. For the final three restrained 
columns (TC7 - TC9) , two series of ultimate moments have been 
found; the first assuming zero restraint and the second full restraint
at the centre of the column. This second result is obtained by
splitting the column into two halves and assuming that m = -0.5 is used 
in Eqn. 5.11 to obtain the ultimate moment corresponding to half 
the applied moment at the centre of the column.
The ultimate moments (Column (8) of Table 5.3) generally give 
similar failure moments to Horne's first yield values (Column (5)) 
using his standard imperfection pattern. Although Wood does 
not directly specify any initial imperfection, the 1-F2 reduction factor 
of Eqn. 5.11 does give allowance for this. A further effect of this 
factor is that it give3 closer values to the tests than Horne's method 
at higher values of axial load. However, it predicts a substantial 
moment for TC5, which due to the high level of residual stresses present
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carried zero moment. Hence for cases of high initial imperfections, 
the 1-F2 factor is not adequate.
The effect of splitting the column into two halves is
to predict a substantially higher failure moment as compared 
to the unrestrained case. Indeed, the design moments for the 
two columns with the tension flange restraint (TC7 and TC8) are 
unccnservative whereas the design moment for the column with the 
compression flange restraint is conservative when compared to 
the experimental values. This is a further indication that 
restraining the compression flange does constitute a full 
restraint against lateral buckling.
5.11.3 Young's design method.
Young22 has extended the earlier method of Horne to allow 
for a region of biaxial plasticity to occur in pin-ended columns.
The actual moment capacity of a column is assumed to be reduced 
below its fully plastic value due to the combined effects of elastic 
buckling and plasticity.
The moment capacity of a column is assumed to be given by:-
M kx kT k y k H Mpx
where the 'k' values are reduction factors (< 1) allowing for 
buckling and plasticity
M is the full plastic moment of the section,px
For each of the unrestrained columns, (TCI - TC6), values
of these coefficients are obtained from Young's charts and
substituted into Gqn. 5.13, assuming that the full plastic moment
(M ) is based on the dimensions at the column head. The corresponding px
ultimate moments are given in Column (10) of Table 5.3.
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For the low values of axial load (TCI and TC6), Young’s 
method predicts slightly lower failure moments than Wood’s method. 
However, for the higher values of axial load, Young's method 
predicts higher design moments than for Wood's method, and gives 
very close (and sometimes unsafe) agreement with the actual failure 
moments. This method thus allows additional plasticity to occur 
in the column than Wood's design under these higher axial load 
values. Young has again adopted the standard rolling mill 
tolerance of 'L/960' for initial imperfections in obtaining his 
reduction coefficients.
5.11.4 Ceneral discussion of the design methods.
With reference to column (11) of Table 5.3, the reserve of 
strength beyond the experimental onset of first yield is between 
1.53 and 1.79. The exception to this is column TC6 for which this 
factor is 2.52. However, the large imperfections present in this 
column would probably cause premature yielding due to initial 
application of axial load in the tests, whilst subsequent beam 
loading would probably not worsen the effects of buckling until 
.larger yielded regions are present in the column.
Comparison of the plastic design methods of Wood and Young 
show that the estimated failure moments are generally in good 
agreement with the tests. Unfortunately, the exception to this 
(TC5) is caused by the high level of imperfections which is not 
allowed for in the design methods.
It is therefore suggested that a modified version of either 
Wood or Young's mechod could be used to give a good assessment of
the capacity of the tapered columns.
For instance, a higher order approximation term to account 
for initial imperfection could be easily incorporated into Eqn.
5.11 by replacing the (1 - F2) term by a term which would make 
allowance for the great reduction in stiffness caused by initial 
deflections under high values of axial load.
column
num ber
t la nge 
w idth
1 lange  
thick
web
th ick
top end 
depth
bottom
depth
len g th  
c/c beam
T C I IO I  6 6  3 7 4  7 3 2 9 9  O 128  0 2 6 2 2
T C 2 1 0 2  2 6 3 9 4  6 7 2 5 0 5 1 2 4 5 2619
T C 3 1 0 2  2 6  3 5 4  7 4 2 7 6  5 126 O 2 6 2 0
T C 4 8 9 0 4  6 6 4  71 2 0 4  0 1 0 2  5 1 9 0 3
T C 5 8 8  5 4  6 5 4  6 7 3 2 8  O 1 0 2  0 1 9 0 0
T C 6 8 9 0 4 7 0 4 7 0 2 5 2  O 1 0 2 0 1 9 0 3
T C 7 1 0 2 5 6 3 6 4 7 0 2 4 9 5 1 24  0 2619
T C 8 1 0 2 7 6  3 6 4 6 7 2 7 7 5 126 O 2619
T C 9 1 0 1 7 6 4 0 4 7 2 3 0 0 0 1 2 5 0 2619
a ll d im ensions in  mm
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(a)
co lu m n
num ber fv P L A T S H
TCI
top  flange 3 3 3 4  0 5 4 - 4
bottom flange 3 1 8 1 5 3 9 7
web 3 2 2 3 9 4 4 0
T C 2
top  flange 321 1 6 21 O
bottom flange 3 0 6 I I 2 2 7
web 3 1 7 1 2 2 0 - 0
T C 7
top  flange 3 4 0 2 0 1 7 0
bottom flange 3 2 6 1 6 2 0 3
web 3 4 0 2 0 2 6 0
im perfections at po ints a lonn  the colum n ( mm)
co lum n
num ber 7% % V. 7, V, % %
T C I 1 9 0 2-65 3 -4 5 4 .6 5 4 - 3 0 3 2 5 1 .8 0
T C 2 2 3 0 3 3 0 4 2 5 5 3 0 5.15 3.85 2.15
T C 3 1 3 5 2  IO 3 0 0 3 -6 5 3 7 0 2 9 0 1 5 0
T C 4 O O O - 0 7 5 - 0 8 5 - 0 7 5 0 - 1 0 1 0 5 1 4 5
TC5 4 0 5 5 6 0 5 5 0 5 5 5 5 2 5 4 7 5 3 -45
T C 6 4 9 5 5 - 6 0 5 9 5 6 4 0 6 7 0 6 9 0 5 - 6 0
T C 7 1 8 0 3 4 5 4 9 0 6 1 5 5 8 0 4  65 3 1 0
T C 8 1 5 0 2 5 0 3 - 4 0 3  8 0 4 3 5 3 5 0 1 8 0
T C 9 1 9 5 2 8 0 3  4 0 4 2 0 4 0 5 3 1 0 1.75
va lue s  of (a) s e c t io n  p rope rtie s
(b) y ie ld  stre ss  values
(c) in i t ia l  im p e rfe c tion s  - m inor a x is
poi n t s  
m e a su re d  
from  large  
end
T a b le  5  I
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theo re tica l 
failure moments
column
number
L/r, ax ia l
load
P(kn)
P/P . P/Ps fa ilure  
moment 
M  (knm)
M / M „ ze ro
central
restraint
full
central
restraint
T C I 1 0 5  3 I O O 0 2 9 0 1 7 8 2  8 0 9 1 8 4 - 6
T C 2 105-3 2 0 0 0  5 9 0 3 4 4 5  6 0 6 9 5 3  3
T C 3 105  3 2 0 0 0 - 5 9 0 -3 4 5 3  0 0 7 0 5 5 -2
T C 4 9 1 2 2 0 0 0 6 4 0 4 9 22  3 0 - 6 4 2 51
T C 5 91-2 175 0 5 6 0 4 3 O  O
T C 6 91 2 IO O 0 3 2 0 2 4 4 4  6 0 - 8 2 4 6 0
T C 7 1 0 5 3 2 0 0 0 5 9 0 3 4 4 7 4 0 7 3 4 6  0 5 8  8
i c a 105-3 2 0 0 0 - 5 9 0 - 3 4 5 3 9 0 7 1 5 7 6 6 9 -9
T C 9 (0 5 -3 2 0 0 0 - 5 9 0 - 3 4 71-6 0 8 2 6 3 -7 7 7 2
m inor a x i s  s le n d e rn e ss  r a t io  
c u le r  lo ad
sq ua sh  load  based on  dim ensions at column base
reduced m a jo r ax is fully p la stic  moment a t column 
he ad  un d e r ax ia l load
T a b le  S 2  experim enta l a n d  theore tica l fa ilu re  loads f o r  
t h e  tapered  column tests
experim ent design  m ethods 206
column failure
moment
f ir s t
yield
moment
(3)
h o m e ’s  e la st ic •VUCMj young :'2i
<3T
ÛJ)fU (2) (4) (5) (Gì 17 ) (B! (9)
XX
. ( IQ )
T C I 8 2  8 5 4  0 6 B 3 7 9 5 3 6 2 4 2  6
X
7 2  5 6 0  9 1 5 3
T C 2 4 5 6 2 7 6 1 6 5 3 5 1 10-6 21-6 3 7 5 - 4 4  5 I 6 5
T C 3 5 3 0 3 1 3 2 7 1 39.5 15.9 2 2 7 4 2 2 5 0 9 1 6 9
T C 4 2 2 3 12 9 15.5 6 4 1 1 7 6  8 7 7 - 2 3 7 1 7 3
T C 5 O - - 14 -8 — 1 0 - 0 2 8  6 — 3 0 5 -
T C 6 4 4 6 1 7 7 2 3  2 4 0 0 1 2 7 2 3 -O
X
3 8  8 - 3 6  9 2  5 2
T C 7 4 7 4 2 9 1 2 4 1 4 1 4 11-7 2 2  9 3 7 0
X
4 S I — i 6 3
T e e 5 3  9 3 6 3 3 3 2 4 6  8 16 -8 2 5 4 4 2 7
X
5 6 3 - 1 4 8
T C 9 7 1 -6 4 0 1 3 7 5 51 8 17  6 2 5 -6 4 7  9
X
6 4  2 - 1 7 9
colum n(4-) real im perfections - top  and  bottom  se c t io n  p ro p e rt ie s
colum n(5) h o m e ’s  im perfections - top  and  bottom  section  p ro p e rt ie s  
colun\r\(6) real im perfections - cen tre  section  p ro p e rt ie s
colum n(7) h o m e ’s  im perfections centre  section p ro p e r t ie s
colum n©) unrestrained m em ber
c o lu m n ^  member sp lit  into two ha lve s i-e- fu ll central re stra in t
x wood’s  method a llow s more axial load
xx  D/t based on m id -h e igh t  d im ensions
a ll m om ents in knm
T ab le  5  3 co m p a riso n  of experim ent with colum n d e sign  methods
w flV *
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g r i l la g e
sa n d w ich  plate 
ja c k
kn ife  edge  a ssem b ly
lo ad in g  beam
sh e a r  link  (bo lte d
underneath  beam  
a t  box  end j
L e e  M c C a l l  b a r s
O  2 0 0 4 0 0  6 0 0 8 0 0  mm
208
7^ sp a n  72span  % s p a n
(a> p o s it io n in g  of the  transducers on the end b o xe s  and column
(bi) segmenting the tapered column into  prism atic elements
W  assum ed re sidua l stress pattern in the welded section 
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n i  läge 
on rollers
sandwich plate
2 0 0 0  kN  jack  
column under test
‘~nsion compression 
load cell
F ig  5 16 s ide  view of the test rig
F ig . S l7  close up view of the f la n ge  re stra in t
Chapter 6. Optimisation of frames to satiety deflection requirement»
6.1 Introduction.
In a previous chapter, a method of design for portal frames 
to satisfy both strength and deflection requirements was given.
A method for satisfying deflections in an arbitarily shaped frame 
so that members of the frame are picked in an economic manner 
will now be given.
The method uses a simple computer based analysis to perform 
the various steps required during the design process. Initially, 
a non-linear elastic stiffness aaalysls i* perferaad on trial sectiona 
to obtain the deflections in the structure under the specified 
loadings. These deflections will usually exceed the permissible 
values and hence a linear programming technique is employed to 
determine the most economical changes in section sizes to 
satisfy these requirements.
6.2 Redesign by linear prograuming.
Consider the variation of deflection with changing section 
size; for example Fig. 6.1 shows the variation of the horizontal 
eaves deflection, x, of a portal frame with increasing column 
stiffness. For the present, it is assumed that the frame is not 
haunched. Let a trial analysis be performed with column and rafter 
moments of inertia I ' and Ir' respectively. The resulting 
horizontal eaves deflection is x } this deflection is not to 
exceed a permissible value x^, where x^ < x^. The design problem 
is to determine the most economical changes in section sizes that 
should be made to reduce x to x . It is assumed that the cost
229
of a frame without haunches is directly proportional to the 
total weight of the frame members, and that deflections due 
to axial deformations of the members can be neglected. If 
3x/3t is the rate of change of deflection with the moment of 
inertia of a member, then for the portal frame the problem can 
be stated as:
Minimise W = 2h (w + A w ) + 2s (w + A w ) 6.1c c r r
subject to x 5 x + (3x/3I + (3x/3I ) A I 6.2p i c r r
where W = total weight of the columns and rafters of the frame
w£ and are the weights per unit length for the column
section of inertia I ' and the rafter section of c
inertia I ' respectively
AIc and AI^ are changes in the column and rafter inertias, 
respectively which will satisfy the deflection constraint. 
Awc and Aw^ _ are changes in the weight per unit length 
corresponding to inertia changes AIc and AI .
Constraints oh other deflections have a similar form to Eqn.
6.2. Since w and w are constant, the objective function c r
(Eqn. 6.1) can be written as
Minimise W = 2h A w + 2 s A w  c r 6.3
In order to solve this problem using linear programming techniques,
linear approximations are required for the sensitivity coefficients,
3x/3I. An approximation for 3x/3Ic can be obtained by increasing
I ' to a value I 2 and reanalysing the frame. Let this analysis c c
correspond to point B in Fig. 6.1.
.1
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Hence Sx/31^ = (x? - x )/(Ic2 “ Icl) 6.4
A value for Sx/31^ can be similarly obtained by reanalysing
the frame with X^1 increased to a value I^2 whilst keeping
I constant at its old value of I 1. c c
Within a range of rolled sections, the efficiency of any one
section in resisting deflection in a frame can be judged by
comparing its major axis moment of inertia with those of other
sections of greater weight. Approximate values have been obtained
in the form of a trilinaar relationship for the correspondence
between inertia and mass per unit length for the most economical
sections in the Universal Beam and Universal Column ranges.
These relationships cover the complete range of sections can 
be approximated by:
For Universal Beams
Sections between: 254 x 102 x 22 - 457 x 152 x 60, Aw a 1.68 AI 6.5a
457 x 152 x 60 - 610 x 229 x 113, Aw a 0.86 AI 6.5b
610 x 229 x 113 - 914 x 419 x 338, Aw a 0.42 AI 6.5c
For Universal Columns
Sections between: 152 x 152 x 23 - 203 x 203 x 60, Aw a 9.44 AI 6.6a
203 x 203 x 60 - 305 x 305 x 118, Aw a 3.70 AI 6.6b
305 x 305 xll8 - 356 x 419 x 634, Aw a 2.50 AI 6.6c
The weight function (Eqn. 6.3) may therefore be approximately expressed 
as:
W =■ 2h K AI + 2s K AI 6 7c c r r '
Kc and K are constants dependent on the values ofwhere
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I 1 and I 1. It is assumed that K and K remain constant c r c r
over the ranges I^1 to I^1 + AI^ and If 1 to AI^ respectively 
and are obtained from the constants on the right hand sides of Eqns.
6.5 and 6.6.
6.3 Haunched frames.
Steel portal frame structures usually include eaves haunches which can 
add considerably to the strength and stiffness of the frame. Such 
frames can be analysed by treating the haunched length of the rafter 
as a uniform member whose moment of inertia equals that of the 
haunched section at the midpoint of its length. This equivalent inertia 
can now be treated during design in the same way as the unknown section 
inertias.
The length of the haunched section can also be treated as a 
design variable in a similar way to the moment of inertia of a 
section. If the haunch length is initially a , then a separate analysis 
can be performed with a^ increased to . The variation of displacement 
with haunch length, 3x/3a, can then be found.
For a haunched single bay frame, a typical design constraint 
becomes.
xp i  Xj + (3x/alc) AIc + (3x/3Ir> AIr + (3x/3Ih> AI^ ♦ (3x/3a)Aa
6.8
where 1^ is the equivalent uniform moment of inertia of the haunched 
section
A 1^ and Aa are changes in the haunch inertia and length.
The total weight function, W, can now be expressed as:
W - 2h K U  1 + AI ) + 2(s-a-Aa)K (I 1 + AI ) + 2(a + Aa)K (L 1+AI. ) 6.9c c c  r r r n n h
i V W f c *
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; ^ = 2 . 5 2 6.10a
; ^  -1.29 6.10b
; 1^ - 0.63 6.10c
The factor relates the weight of the haunched section to the
equivalent uniform inertia; it must also reflect the fact that the 
cost per unit length of the fabricated haunch will be greater than 
that of the plain rafter or stanchion. If it is assumed that the 
C03t of the haunch will be 1.5 times that of the plain rafter, 
then from Eqns. 6.5, the values of are:
Inertia range (mm1* x 10s) 28.6 - 254.6 - 2.52
254.6 - 872.6
872.6 - 7173.2
From Eqn. 6.9, it can be seen that the weight function is no
longer linear in the unknown variables due to the product terms
Aa-AI and Aa-AI. . This problem can be overcome by assuming that r h
such terms are small and can be neglected.
Ignoring constant terms, the objective function then becomes
Minimise W = 2h K, AIc + 2(s-a) AIf + 2a i^A^ + 2(1^I* - ^1*) Aa 6.11
The value of 'a' in Eqn. 6.11 should correspond to the optimised value 
of haunch length. However the value used in this equation is based 
on the value of haunch length prior to the optimisation. Hence if 
Aa is non-zero when the optimisation is solved, two solutions should 
be obtained corresponding to a and a + Aa (the correct value) 
in Eqn. 6.11. Satisfactory convergence is achieved when two consecutive 
values of Aa are within a specified tolerance.
6.4 Overall design procedure.
This is illustrated by the flow chart in Fig. 6.2,An initial 
design is supplied by the user, and it is assumed that this is a
» - -- 1 ,
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lower bound design violating the deflection requirement. Analysis 
of this design under a particular load case is now made. If 
necessary, allowance can be made here for the increase in deflections 
due to compressive axial loads, by using Livesley's stability 
functions to estimate the reduction in frame stiffness. Members 
which are to have the same section are grouped together. For each 
group in turn, the section size is increased and a further analysis 
is made. From these results, the coefficients 3x/3I are 
calculated using Eqn. 6.4. The design constraints and the weight 
function are formulated and solved using a standard method of 
linear programming (the simplex method50).
Using constraints like Eqn. 6.2 will result in non-negative 
values of AI using the simplex method. This is satisfactory for 
the first iteration as the initial design is a lower bound. The 
required increases in the moments of inertia of the sections given 
by the linear programming procedure are added to the initial values, 
and the analysis is re-entered.
During subsequent iterations provision is not made for the 
reduction of any section, which has previously been increased.
In this way, oscillation between two unsatisfactory designs is 
eliminated. Instead, the design procedure progresses towards a 
design to satisfy all the constraints. For such a design to be 
efficient, it is necessary for the program to execute a number of 
full iterations before a final design is obtained. This is 
ensured by the way in which the coefficients 3x/3I are calculated. 
The incremented inertia I2 is taken to correspond to either the
--  ; * *. I  y / i* * * *
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next section or the next section but one in the list of preferred 
sections with an inertia greater than I*.
In the early stages of the design process, Xj will be much 
greater than x^ and large changes in inertia are expected.
In such a case, the coefficient 3x/3I will be based on a line 
such as AB in Fig. 6.1, and the inertia will be underestimated.
During later iteration, when the deflection constraint is nearly 
satisfied, the coefficient may be based on straight lines such
as AD of Fig. 6.1, in which case the inertia required to reduce
x to Xp will be over-estimated. However, owing to the small
values of the inertia increments needed to satisfy the constraints,
the use of AD leads to insignificant error in the final design.
Once the deflection constraints are satisfied, the final 
design inertias must be converted into a series of discrete rolled 
sections. The simplest way of doing this is to select sections 
whose moments of inertia are at least equal to the required values. 
However, if some sections are significantly stiffer than required, 
it will be more economical to select some sections whose inertias 
are slightly less than the designed values to counterbalance those 
that are over stiff. The sensitivity coefficients used at the last 
iteration will give a guide as to the most efficient way of doing 
this .
In a haunched frame, it may be convenient to choose both column 
and rafter sections to have inertias with greater values than those 
required by the optimisation procedure. In such a case, the inertia 
and/or length of the haunches could be reduced, and coefficients
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3x/3I, and 3x/3a can be used to proportion the frame. It isn
usual practice for the flanges in the haunch to be the same size 
as those in the adjoining plane rafter. Once the rafter section 
is chosen, the depth of the web at the mid-length of the haunch 
can therefore be calculated from the required moment of inertia.
This dimension together with the rafter depth and haunch length, 
then determine the haunch depth at the column face.
As no restriction is placed on the size of the increments,
AI, the procedure is not an accurate method of non-linear programming, 
and there is therefore no certainty that a true optimal solution 
will be converged onto. However, comparisons given below with 
previous methods of non-linear programming show that designs are 
likely to be close to the optimum, and in some cases give even 
better solutions than these more rigorous methods. Unless otherwise 
stated in the following examples, a linear elastic stiffness analysis 
has been performed and the 'K' values of Eqns. 6.5, 6.6 and 6.10 
have been set to unity.
6.5 Examples using the method.
A) Rectangular portal frame.
The frame analysed is shown in Fig. 6.3; the horizontal 
deflection of joint B, x, was restricted to 10.16 mm. This frame 
has previously been designed using the piece-wise linearisation 
method of linear programming52.
The various stages of the design procedure using the optimisation 
procedure are summarised in Table 6.1. Initially the frame was 
of uniform section throughout, a 127 x 76 R.S.J. (£ = 4.76 x I05 mm1*),
V
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being adopted. On analysis the deflection, x, was found to be 
43.63 on. The columns and the rafter were in turn increased to 
a 152 x 89 R.S.J. (I = 8.81 x 10® mm1*), resulting in the 
deflections shown in the second and third rows of Table 6.1.
The objective functions and the design constraint therefore 
became:
Miminise W = 5080 41 + 2540 41 6.12c r
subject to
10.16 5 43.63 - (3.81 x 10"6)*41 - (1.36 x 10~5)-AI 6.13c r
The solution to this problem can be readily shown to be
AIc “ 8.78 x 10® mm1*, AIj =» 0. Hence the revised design becomes
I = 13.54 x lo6 mm1*, I » 4.76 x lo® mm1*. From Table 6.1, it can
be seen that the final design is Ic = 22.59 x 105 mm1*,
Ir = 16.58 x l o 6 mm1*. If the 'weight* of a member is defined as
the product of inertia and length, the total weight of the final
design is 156.9 x 108 mm5. This compares favourably with the
true optimum design obtained by non-linear programming which gave
I » 21.73 x 10s mm1*, X ** 18.01 x 10s mm1*, and a weight of c r
156.1 x io5 mm5.
B) Pitched roof frame.
The frame is Fig. 6.4 has previously been designed by Majid 
and Elliott1*8 using the dynamic search method of non-linear programming. 
The horizontal movement at the head of each column was not to exceed 
1/325 of the height of the column and the vertical displacement of the 
apex was restricted to 1/360 of the span of the frame.
V
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The initial design for the proposed method was obtained by 
designing the frame by the rigid-plastic method to a load factor 
of 1.75 under the vertical roof loading shown in Fig. 6.4. The 
frame was assumed to be composed of the same section throughout, 
with steel to Grade 43, and thus a 533 x 210 x 82 U.B. was 
adopted.
The final design, which was obtained after three cycles of 
analysis and design was as follows:
Ic = 1103.1 x 10s mm1*, I = 797.6 x io6 mm1*, 'weight' - 38.4 x I012mm5;
The corresponding values of Majid and Elliott were:
Ic “ 1000-0 x lo6 mm1*, « 921-1 mm1*, 'weight' = 39.3 x 1012 mm5;
Thus it can be seen that the present method has led to a lighter 
design than that of Majid and Elliott. This shows that in the latter 
case the non-linear programming technique had located only a local 
optimum due to the non-linearity of the design problem.
c) Pin-jointed frame.
The optimisation method can also be used to design pin-jointed frames 
by formulating the problem in terms of the unknown areas of cross- 
section instead of moments of inertia. For the frame shown in Fig.
6.5, the downward displacements at A and B were restricted to 0.5 mm 
and 0.25 mm respectively. The cross-sectional areas of the vertical, 
horizontal and diagonal members are denoted by A^, and A g 
respectively. The frame has also been designed by Majid and Elliott1*8.
The initial design for the proposed method was obtained by 
arbitarily choosing all areas to be 645 mm2.
V
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The final design obtained using the method is:
A x » 3.3 x IO3 mm2; A2 = 32.2 « IO3 mm ; A3 » 23.1 * 103 ran2;
The corresponding design of Majid and Elliott gave:
Aj ” 3.0 xlO3 cm2 ; A2 = 32.2 x 103 mm2 ; A3 =■ 23.0 x 103 mm2;
It can be thus be seen that agreement between the final designs of 
the two methods is good.
d) Haunched portal frame.
The procedures described above have been applied to the frame 
shown in Fig. 6 .6 . The vertical deflection at C and the horizontal 
deflection at D were to be limited to 1/360 of the span and 1/325 
of the column height respectively under both the loading cases (a) 
and (b) shown. To ensure that the haunches would have realistic 
dimensions, it was specified that the haunch length, a, should not exceed 
2500 mm, and that the depth of the haunched rafter at the face of the 
column should not be less than 1.5 times the depth of the plain 
rafter. In the initial design, the haunch length used was arbitarily 
taken as 250 ran and a constraint of the form below is used (Fig.
6,8)* Aa $ 2250 6.14
A constraint governing the haunch depth was obtained as follows.
The equivalent uniform haunch inertia, 1^, corresponds to the middle 
of the haunch length, and at this point therefore, the depth of the 
section should therefore be at least 1.25 times the depth of the 
plain rafter. It was assumed that with constant flange dimensions, 
the moment of inertia of the cross-section is dependent solely on 
the contribution to the inertia of the flanges about the centre point 
of the section. Hence
V
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I. + AI. 5 (1.25)2 (I, + AI ) n n r r 6.15
It was assumed that both rafters and columns would use Universal 
Beams, and the cost factors of Eqns. 6.5 have thus been adopted.
The initial design was arbitarily chosen, and is given in the 
top row of Table 6.2. The revised designs obtained at the end of 
each iteration of the design method are also shown, that given in 
the bottom row being the first design to satisfy all the deflection 
constraints.
It can be seen that at one stage, increases were made 
simultaneously in a, and 1^ necessitating iteration of the
optimisation procedure using Eqn. 6.11. Convergence was achieved 
in two iterations.
A discrete section design was obtained by selecting a 
533 x 165 x 66 U.B. (I = 350.8 x io® mm4) for the columns, and 
a 457 x 152 x 60 U.B. (I = 254.6 x i o 6 mm1*) for the rafters.
As both these sections provided inertias which were slightly less 
than those required, the sensitivity coefficients calculated during 
the final iteration of the design procedure was used to increase 
I. - so that the deflection constraints would still be satisfied.
The resulting depth at the column face of the haunch was 960 mm.
The effect of varying fabricating costs for the haunches has been 
investigated by increasing the factors, K^, of Eqns. 6.11 by 33%.
In this case, it was found that the haunch length remained at its 
initial value, although its inertia did rise during subsequent 
iterations of the optimisation procedure.
k  ». :-4 f r . t j V
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e) Latticed portal frame.
The design procedure has also been applied to the latticed 
portal frame of Fig. 6.7. This frame is assumed to have the 
same loading as for the haunched portal frame. In such a frame, 
the lacing members are usually pin-jointed and therefore the area 
rather than inertia will be the dominant section property for these 
members. In order to optimise on this area, an extra multiplying 
factor would be needed in Eqn. 6.7 to convert this area into the 
equivalent dimensions of inertia so that the comparative effects 
of increasing its section size to resist deflection can be assessed. 
Hence for the present analysis, an inertia term has been used in 
Eqn. 6.7 corresponding to the area of the lacing member. Again, 
the restrictions on deflection are 1/360 of the span and 1/325 
of the column height respectively. The arbitary inertias in 
Row (1) of Table 6.3 are used for the first analysis. The first 
optimisation cycle predicts an increase in area and inertia of the
lacing member (I ). On subsequent cycles of optimisation, the effect 
of increasing this section causes only small reductions in the 
critical deflections. This represents a change from a line A3 
in Fig. 6.1 (large reduction in deflection for a small increase in 
section size) to a line such as BD (small reduction in deflection 
for a large increase in section size).
The final section sizes which correspond to a design satisfying 
the initial deflection requirements are given in the bottom row of 
Table 6.3, each row representing a cycle of the optimisation procedure. 
A discrete section design is then obtained by using:-
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I = 406 x 140 x 39 U.B.
1
I = 76 x 76 x 10.57 Angle Section2
I3 - 610 x 229 x H 3  U.B.
I, = 610 x 229 x 101 U.B.**
f) Six-storey, two-bay frame.
The pinned-base six-storey two-bay frame of Fig. 6.9 has been 
designed using the optimisation process. In such a frame, the 
increase in lateral deflections due to compressive axial loads 
is usually significant and therefore account of this has been taken 
in the analysis part of the procedure. It was specified that the 
lateral deflection at each storey should not exceed 1/250 of the 
height from the base.
The initial design was obtained by proportioning the beams so 
that failure by beam-type plastic hinge mechanisms under vertical 
loading did not occur below a load factor of 1.75. This also 
governed the size of the external columns. The internal columns 
were proportioned so that the squash load would not be exceeded at a 
load factor of 1.75. Grade 43 steel was used throughout, and it 
was assumed that Universal Beams would be used for the beams and 
Universal Columns for the stanchions. The moments of inertia of 
the sections so obtained are shown in the upper row of Table 6.4.
The final design, obtained after five iterations of the
optimisation procedure, is given in the lower row of Table 6.4.
The beam inertia, I , and the internal column, I , were increased *» 10
twice and the external column inertia, I , once during the design
process.
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Chapter 7 Conclusions and suggestions for future work.
The work described in this thesis has examined various aspects 
in the analysis and design of steel building frames. The study can 
broadly be categorised into three main sections (strength analysis, 
deflection limitations and experimental testing of tapered columns) 
which will be separately summarised below.
7.1 Biaxial ultimate analysis of steel frames.
A computer program which analyses complete I-section building
frames subject to biaxial bending moments and axial load has been 
described. The analysis which combined the effects of elastic
instability and the development of plasticity enables the ultimate
loads of any arbitary shaped frame to be obtained. Most previous
ultimate load analyses of steel sections have been concerned with
isolated members, or individual members with assumed end conditions
or plane frames under uniaxial bending.
The basic method of analysis is to form a complete stiffness 
matrix for the complete frame. This consists of terms based on the 
individual members' various stiffnesses, as well as geometric 
terms dependent on the internal forces present within the frame 
due to the applied loading. Stiffness equations relating the 
loads to the unknown joint displacements are stored in a compact 
manner which leads to a rapid solution of the equations.
As loading is increased on the frame and plasticity develops, 
an estimation of reduced torsional and flexural stiffnesses is 
obtained using moment curvature techniques. These reduced 
stiffnesses are then used in the overall stiffness matrix to obtain
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the moments and forces due to the weakened nature of the frame 
in resisting applied loading.
Unsymmetrical regions of plasticity will generally develop 
under biaxial bending causing a shift in orientation and position 
of the principal axes of the section. Un3ymmetrical bending 
theory is then used to allow for the additional torsional effects 
resulting from this non-symmetry.
There is considerable interaction between the plasticity and 
instability effects in a steel frame and an iterative method is 
necessary to obtain an estimation of the ultimate load of the 
frame under analysis.
The present method has the advantage of being versatile and 
can be used to analyse a wide range of steel frames with a variety 
of end support conditions. It is found to give excellent agreement 
with-a wide range of previously quoted analytical and experimental 
results for both individual members and frames. The program can 
also be used, if computer storage space and time is available, as 
a general elastic-plastic analysis for a three-dimensional frame.
The method has also been combined with a procedure for limiting 
deflections in portal frames to give a plastic design of such 
frames allowing for strain hardening. This design, which satisfies 
the deflection limitations by economically proportioning the column 
and rafter sizes is generally found to give lighter structures 
than comparative designs given by the rigid-plastic theory due to 
the beneficial effects of strain-hardening.
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7.2 Optimisation of frames to satisfy deflection requirements.
A computer program comprising an existing non-linear 
stiffness analysis together with a simple linear programming routine 
has been developed to proportion plane steal frames to satisfy 
deflection requirements. The stiffness matrix used is a simplified 
version of the matrix used in the biaxial analysis since it does 
not include any torsional, warping or minor axis bending degress of 
freedom.
Procedures which obviate the need for a complete reanalysis 
when a member's section properties are changed have been presented 
in the past. However, these techniques depend upon the principle 
of superposition which is not valid when the reduction of stiffness 
due to compressive axial loads is to be considered. In the design 
method sensitivity coefficients, which indicate the suitability of 
sections to resist deflections in the frame under analysis, are 
obtained by repeated analysis. As a result, the efficiency of the 
method and its ability to design large frames depend to a great 
extent on the capabilities of the analysis program. The present 
method which stores all the stiffness terms in a very compact 
manner leads to a rapid solution of the equations and hence uses 
small amounts of computer time in the analysis part of the design 
procedure.
Comparisons with methods based on accurate non-linear programming 
techniques show that the designs obtained by the proposed method 
are likely to be close to the optimum. Indeed, when a local rather 
than a global optimum is obtained by non-linear programming, the
method may even generate a more economical design. The absence of 
any restriction on the size of the increments of moment of inertia 
or area calculated at each iteration permits the final design to 
be obtained without a large number of iterations.
Special features of the method include the ability to design 
haunched and latticed frames, and to allow for the increased 
deflections resulting from the effects of compressive axial loads 
on frame stiffness. It is unnecessary to assume that the weight 
per unit length of a member is linearly proportional to its moment 
of inertia throughout the entire range of available sections, and 
frames composed of a mixture of Universal Beams and Universal 
Columns can be designed. Although a continuous range of sections 
is assumed during the optimization stages of the design process, 
the method provides information which assists the designer when 
discrete sections have to be selected.
7.3 Experimental tests on tapered steel columns.
The main theme of the present work has been to obtain better 
estimates of the ultimate behaviour of loaded steel 
frames so that less conservative design methods can be used.
Tapered columns can be used in some frames to enable better 
utilisation of the structural material in resisting stresses to
be made.
The efficiency of tapered steel columns in resisting uniaxially 
applied bending moments and axial load in single storey portal 
frames has been examined by performing a series of experimental 
tests on various types of tapering columns. The columns ware
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subject to a combination of axial load and bending moment which 
was incrementally increased to cause collapse. They were found 
to fail either in a lateral-torsioaal or lateral buckling mode, 
the mode of failure being dependent on the axial load and degree 
of minor axis initial imperfection present.
The pattern of yielding just prior to failure showed that 
the plastic regions were fairly small and localised, occurring 
where the initial imperfections ware a maximum. This indicates 
that failure of the columns occurred predominantly due to elastic 
instability rather than excessive plasticity.
The provision of a lateral restraint at the centre of the
column has also been examined. Placement of the restraint on the 
tension flange of the column was found not to give a significant
increase in failure load compared to the unrestrained case.
However a significant increase in ultimate load was obtained by
attaching the restraint to the compression flange.
Several recently proposed ultimate load design methods have 
been used in an attempt to give an estimate of the failure loads 
of the column. The results show that the elastic design method of 
Horne is the most suitable for giving a safe design for the series 
of columns tested.
Finally estimates of the behaviour of the tapered columns under 
load have been obtained using the biaxial ultimate load analysis.
The column taper is represented by splitting the column into a number 
of longitudinal elements with varying section depths. Agreement 
between the two sets of results is found to be fairly good.
7 .1* S u g g e s t i o n s  for fut u r e  w o r k .
It is not possible with one particular analysis to solve all 
the problems associated with steel frane behaviour. However it is 
hoped that the present work will fora the basis of future analyses 
to enable a more thorough knowledge of the complicated phenomena 
of inelastic frame instability to be gained. Suggested areas of 
future work will now be given.
A) Biaxial analyses of steel frames.
A fairly complex biaxial frame analysis has been developed 
which appears to give good agreement with a wide range of previously
quoted results. However the analysis contains several simplifying
assumptions which could be modified to give a more rigorous treatment
of frames. Suggested modifications are as follows:
i) It is assumed in the moment curvature procedure that yielding
is caused by only normal stresses. A further simplification is then 
made by also neglecting the effect of normal warping stresses on 
yield. This assumption will tend to overestimate the point at which 
yielding occurs in a member and thus will subsequently overestimate 
the member's stiffness. Hence a more complicated yield function should 
be used in cases where these stresses are not negligible.
ii) Elastic unloading which causes slight increases in frame strength 
at high strains has also been omitted from the analysis. Gent has 
indicated that this effect only becomes significant when frames have 
heavily loaded minor axis restraining beams.
iii) No allowance has been made for any initial twist in the frame 
members caused by manufacture. Initial imperfections, however, tend 
to be more significant when considering individual members rather 
than complete frames. An allowance for initial twists could be
made by adding an extra rotation transformation to the member stiffness 
matrix.
iv) Warping is assumed to be either fully restrained or free at 
each of Lhe joint positions. In practice, real structural joints 
probably lie somewhere between these two extremes, and allowance 
for 'semi-rigid' joints could thus be included in the stiffness 
analysis.
An analysis based on the present method and containing the 
above modifications could then be used to conduct a comprehensive
parametric study into individual member and steel frame behaviour.
This study could be used to investigate the following effects:-
1. member shape
2. loading combinations (P, M and M ) and end moment ratiosx y
about both axes
3. geometrical imperfections, residual stresses and strain 
hardening
4. restraining beams with rigid and semi-rigid connections.
The present method can only deal with rectangular and I-section steel 
sections. However the analysis could be altered fairly easily to 
deal with both reinforced concrete and composite sections as well as 
other steel section shapes by a suitable modification of the moment 
curvature procedure.
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B) Optimisation of frames to satisfy deflection requirements.
The proposed design has aimed at giving a fairly simple 
method of assessing the most economical way to apportion a frame 
to satisfy deflection requirements. However the method requires a 
computer program to obtain a solution.
The advent of 'table-top' computers capable of performing the 
analysis part of the overall procedure suggest that the optimisation 
part of the design could be best presented in chart form for a 
variety of standard frames. A very rapid optimum design could then 
be obtained almost immediately.
C) Tapered Column tests.
One of the main difficulties in testing isolated columns is to 
accurately represent the end conditions that occur in practice.
Hence a further series of tests could be performed on portal frames 
containing tapered columns. These tests could then be used to examine 
various types of joints, as well as giving information into the 
circumstances for which failure occurs due to local buckling rather 
than in an overall buckling mode.
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